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Seeds of large-scale anisotropy in string cosmology
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Pre-big-bang cosmology predicts tiny first-order dilaton and metric perturbations at very large scales. Here
we discuss the possibility that other, more copiously generated, perturbations may act, at second order, as
scalar seeds of large-scale structure and CMB anisotropies. We study, in particular, the cases of electromag-
netic and axionic seeds. We compute the stochastic fluctuations of their energy-momentum tensor and deter-
mine the resulting contributions to the multipole expansion of the temperature anisotropy. In the axion case it
is possible to obtain a flat or slightly tilted blue spectrum that fits present data consistently, both for massless
and for massive~but very light! axions.@S0556-2821~99!03102-1#

PACS number~s!: 98.80.Cq
os
h
fla

n

at

o
e
gh
om

in
in
e

e

er

ca

ro

n

s

B
th
s

th
h

ho

ua-

l
, in
in’s
nd
and
.
al-

we
y-

eds
ate
en
Ein-
ons
gh
alled

era-

in-
erva-
er
nd
ed

t to
ed
of a
r
of

ad-
tur-
set
per-
eric
I. INTRODUCTION

String theory has recently motivated the study of a c
mological scenario in which the universe, starting from t
string perturbative vacuum, evolves through an early in
tionary ‘‘pre-big-bang’’ phase@1#, until a transition to the
radiation-dominated, decelerated evolution occurs.

In spite of some attractive aspects of the pre-big-ba
picture, such as the underlying duality symmetry@2#, which
naturally selects perturbative initial conditions and autom
cally leads to inflation@1,3#, it is fair to say that such a
cosmological scenario is far from being understood in all
its aspects. In particular, on the more theoretical side, on
lacking a complete and consistent description of the hi
curvature, strong coupling regime, where the transition fr
the pre- to the post-big-bang era is expected to take place@4#.
Furthermore, opinions vary@3,5# as to whether or not the
pre-big-bang scenario needs a large amount of fine-tun
On a more phenomenological side, the main outstand
problem is to reproduce the observed amplitude and slop
the large-scale temperature anisotropy@6# and of large-scale
density perturbations. The difficulty is that, unlike in th
more conventional~de Sitter-like! inflationary picture, the
amplification of scalar and tensor metric perturbations h
leads to primordial spectra that grow with frequency@7#, and
whose energy density is normalized to an almost criti
value at some short scale@8# ~typically the GHz!; in this way,
too little power is left at scales that are relevant for anisot
pies in the cosmic microwave background~CMB! @6# or to
the problem of large-scale structure~unless the high-
curvature phase is long enough and characterized by a
most constant dilaton field@9#!.

In this paper we address this problem and we discus
possible solution, based on the contribution of ‘‘seeds’’@10#
to density fluctuations and to the anisotropy of the CM
radiation. The seeds are produced, in our context, by
amplification of quantum fluctuations of some other field
which are present in string theory, but are not part of
homogeneous background whose perturbations we wis
study.

We shall consider two examples, in which the seed in
0556-2821/99/59~4!/043511~21!/$15.00 59 0435
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mogeneity spectrum is due, respectively, to vacuum fluct
tions of the electromagnetic~EM! @11# and of the@Kalb-
Ramond~KR!# axion ~AX ! @12# field. Both cases are typica
of string cosmology, since no inhomogeneity is produced
either case, in a conventional scenario based on Einste
equations, without axion and dilaton. The spectra of EM a
AX perturbations can be much flatter than those of scalar
tensor perturbations of the metric and of the dilaton field

The idea of using the EM fluctuations as seeds was
ready discussed in a previous paper@13#, using however the
perfect fluid approximation for the EM stress tensor. Here
will compute the scalar components of the energ
momentum-tensor fluctuations due to the EM and AX se
including an important anisotropic stress term, and will rel
them to the primordial spectral energy distributions. Wh
these seed inhomogeneities are inserted in the perturbed
stein equations they generate scalar-metric fluctuati
which are largely controlled, for seeds with small enou
anisotropic stresses, on super-horizon scales, by the so-c
compensation mechanism@14#. Finally, scalar-metric pertur-
bations can be converted in a standard manner into temp
ture fluctuationsDT/T via the Sachs-Wolfe effect@15#. We
will discuss whether the metric perturbation spectrum
duced by seeds can be flat enough to match present obs
tions, consistently with the Cosmic Background Explor
~COBE! normalization of the amplitude on large scales, a
with the high-frequency normalization of the primordial se
spectrum.

It should be stressed that, in our model, the axion is no
be identified with dark matter. The KR axions are treat
here as ‘‘seeds,’’ i.e. as inhomogeneous perturbations
background which isnot axion-dominated, so that ou
mechanism of anysotropy production is different from that
previous computation of isocurvature@16# and adiabatic@17#
axion perturbations.

The paper aims at being rather self-contained and re
able by non-specialists in string and/or cosmological per
bation theory, and is organized as follows. In Sec. II we
up the relevant equations needed to study super-horizon
turbations in the presence of seeds, and give their gen
solution for seeds with ‘‘small’’ or ‘‘large’’ anisotropic
©1999 The American Physical Society11-1
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stresses. We also discuss the way the perturbations ente
multipole expansion ofDT/T via the Sachs-Wolfe effect. In
Sec. III, after recalling known results about scalar, tens
electromagnetic and axion perturbations in the pre-big-b
scenario, we estimate the contribution of the two lat
sources to the fluctuations of the energy-momentum ten
including the case of massive axions. In Sec. IV we comb
the results of the previous two sections and compute
contribution of EM and AX seeds toDT/T. Using COBE
data, we finally discuss, in the various cases, whether
seed mechanism alone is able to give a satisfactory expl
tion of large-scale temperature anisotropies. Section V c
tains our conclusions. Some technical details are relegate
the three Appendixes.

Notation. The Friedmann metric is given bya2(2dh2

1g i j dxidxj ), wherea denotes the scale factor andh is con-
formal time. Spatial indices, 1,2,3 are denoted by latin lett
while spacetime indices, 0,1,2,3 are denoted by greek let
A dot denotes derivative with respect toh.

II. LARGE-SCALE PERTURBATIONS IN THE PRESENCE
OF SEEDS

Before calculating CMB anisotropies for specific e
amples in the context of string cosmology, we derive a g
eral formula for large-scale CMB anisotropies in mod
with seed perturbations.

A. Cosmological perturbation theory with seeds

In this subsection we give a brief reminder of gaug
invariant perturbation theory with seeds. More details can
found in Refs.@10, 18#. By seeds we mean an inhomog
neously distributed form of energy, which contributes only
small fraction to the total energy density of the universe a
can thus be considered as a perturbation. Furthermore
consider seeds that interact only gravitationally with the c
mic fluid.

We restrict our discussion to scalar perturbations, wh
are of primary interest here. The corresponding equations
vector and tensor perturbations can be found in@18#. The
metric of a perturbed Friedmann universe is

gmn5gmn
~0!1a2hmn , ~2.1!

whereg(0) denotes the unperturbed metric

gmn
~0!dxmdxn5a2~h!~2dh21g i j dxidxj !. ~2.2!

Here a is the scale factor,h denotes conformal time andg
represents a metric of constant curvatureK561,0. Since we
will be interested in a Friedmann universe that has und
gone substantial inflation, we neglectK in the sequel, setting
g i j 5d i j .

For scalar perturbations, a Fourier component ofhmn with
wave vectork can be parametrized by 4 scalar functionsA,
B, HL andHT , defined by
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h~k!5hmn~k!dxmdxn

522A~k!~dh!222i
kj

k
B~k!dhdxj

12FHL~k!1
1

3
HT~k!Gd l j dxldxj

22
klkj

k2 HT~k!dxldxj . ~2.3!

These four functions are gauge-dependent, i.e., they dep
on the choice of coordinates. In order to define gau
independent metric variables, we first make use of two g
metric quantities: the spatial part of the scalar curvature
the perturbed metric,dR, and the shear~traceless! part of the
extrinsic curvature,K (aniso). An elementary calculation give
@18#

dR54k2a22R, R5HL1
1

3
HT , ~2.4!

Ki j
~aniso!5akS kikj

k2 2
1

3
d i j Ds, s5ḢT /k2B.

~2.5!

Studying the gauge transformation properties ofA, R, and
s, one easily finds that the following variables, called t
~Fourier components of the! Bardeen potentials, are gaug
invariant ~see@19,20#!:

F5R2~ ȧ/a!k21s, ~2.6!

C5A2~ ȧ/a!k21s2k21ṡ. ~2.7!

~Note that, throughout this paper, we shall always expr
the Bardeen potentials in momentum space, even with
indicating theirk dependence explicitly.!

Next, we discuss the perturbations of the energ
momentum tensor. Let us define the perturbed energy den
r (pert) and 4-velocity fieldu as the time-like eigenvalue an
eigenvector of the energy-momentum tensor:

Tm
num52r~pert!un, u2521. ~2.8!

The Fourier components of the perturbations in the den
and velocity field are determined by

r~pert!5r~11d!, ~2.9!

u05~12A!,
uj

u0 52 i
kj

k
v, ~2.10!

where r denotes the unperturbed background density. T
temporal componentu0 is fixed by the normalization condi
tion. We project the stress tensor onto the 3-space orthog
to u:

tmn5Pm
r Pn

sTrs , Pmn[gmn1umun , ~2.11!

and define the scalar perturbations oft by
1-2
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SEEDS OF LARGE-SCALE ANISOTROPY IN STRING . . . PHYSICAL REVIEW D 59 043511
t i
j5pF S 11pL1

1

3
pTD d i

j2
kik

j

k2 pTG . ~2.12!

The variablepL describes the pressure perturbation,pT is
the potential of the anisotropic stresses andp is the unper-
turbed background pressure. Studying the behavior of
quantitiesd, v, pL andpT under gauge transformations@21#,
one finds the gauge-invariant variables:

P5pT , G5pL2~cs
2/w!d, V5v2k21ḢT ,

D5d13~11w!~ ȧ/a!k21~V1s!, Dg5d13~11w!R.
~2.13!

Here P is the anisotropic stress potential,G is the entropy
perturbation,V is the peculiar velocity potential,D andDg
are different choices for a gauge-invariant density pertur
tion variable~for a physical interpretation of these variable
see@20,21#!. Finally, w5p/r denotes the enthalpy andcs

2

5 ṗ/ ṙ stands for the adiabatic speed of sound. In this pa
we shall limit ourselves to adiabatic perturbations (G50).

The perturbation of Einstein’s equations and of ener
momentum conservation can be expressed in terms of t
gauge-invariant variables~a derivation can be found in
@20,21#!. We obtain two constraint equations,

4pGa2rD5k2F, ~2.14!

4pGa2~r1p!V5k@~ ȧ/a!C2Ḟ #,
~2.15!

two dynamical equations,

28pGa2pP5k2~F1C!, ~2.16!

8pGa2p@G1~cs
2/w!Dg1~2/3!k2P#

5
ȧ

a H Ċ 2Fa21S a2F

ȧ D •G •J
1F2

a S ȧ

a2D •

13S ȧ

a2D 2GFC2a21S a2F

ȧ D •G ;
~2.17!

and two conservation equations:

Ḋa23wa~ ȧ/a!Da

52k@~11wa!Va12~ ȧ/a!wak21Pa#

13~11wa!4pGa2~r1p!~V2Va!, ~2.18!

V̇a1~ ȧ/a!Va5
ca

2

11wa
kDa1

wa

11wa
kGa

1kC2
2wa

3~11wa!
kPa . ~2.19!

The above conservation equations hold for any componea
of the fluid stress-energy tensor which interacts with
04351
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other components of the cosmic fluid only gravitational
The variablesca andwa denote the adiabatic speed of sou
and the enthalpy of the fluid component, respectively. T
total perturbations are defined as the sums:

rD5(
a

raDa , ~r1p!V5(
a

~ra1pa!Va , etc.

~2.20!

For interacting matter, the corresponding equations can
found in @20#.

In order to complete the above analysis we also n
equations of state for the matter sources, which relate
instanceG andP to D andV. Due to the Bianchi identities
the conservation equations for the total cosmic fluid follo
from the field equations~2.14!–~2.17!. Thus, we need no
make explicit use of both dynamical equations, but we c
use, say, Eq.~2.16! and one of the conservation equatio
~2.18!, ~2.19! for the total fluid.

We now add to the perturbation equations an inhomo
neous energy-momentum distribution,Tmn

(s) , generated by
seed fields that do not interact with the cosmic fluid oth
than gravitationally.

Since, by definition, seeds do not contribute as source
the homogeneous background, the energy-momentum te
Tmn

(s) is gauge-invariant by itself@22#, and can be calculated
by solving the field equations for the seeds in the unp
turbed background geometry. Let us assume that we can
press the Fourier components ofTmn

(s) in terms of four scalar
‘‘seed-functions’’ f r , f p , f v and f p ~we just neglect vector
and tensor contributions; since they are decoupled from d
sity perturbations, in the linear approximation, this will n
affect our results for scalar perturbations!:

T00
~s!~k,h!5a2r~s!5M2f r~k,h!, ~2.21!

Tj 0
~s!~k,h!52 i

kj

k
a2v ~s!52 iM 2kj f v~k,h!, ~2.22!

Ti j
~s!~k,h!5a2F S p~s!1

1

3
P~s!Dg i j 2

kikj

k2 P~s!G
5M2F S f p~k,h!1

k2

3
f p~k,h! Dg i j 2kikj f p~k,h!G .

~2.23!

Note thatf r and f p have dimensionl 22, while f v has dimen-
sion l 21 and f p is dimensionless. HereM denotes an arbi-
trary mass scale, introduced for dimensional reasons, w
will eventually drop out in physical predictions.

Given an energy-momentum tensorTmn , which in general
contains vector and tensor contributions, the scalar partf v
and f p are determined by the identities:

ik jT0 j
~s!5M2k2f v ,

2Ti j
~s!kikj1

1

3
k2gklTkl

~s!5
2

3
M2k4f p . ~2.24!
1-3
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On the other hand,f v and f p are related tof r and f p , by the
conservation equations¹nTmn

(s)50:

ḟ r1k2f v1~ ȧ/a!~ f r13 f p!50, ~2.25!

ḟ v12~ ȧ/a! f v2 f p1~2/3!k2f p50. ~2.26!

In the presence of seeds, and in the approximation
which perturbations are treated linearly, the total geome
perturbations can be separated into a part induced by
seeds,Cs ,Fs , and a part induced by the perturbations of t
cosmic fluid,Cm ,Fm . The perturbed Einstein’s equation
~2.14! and ~2.16! become

k2F54pGra2D1e@ f r13~ ȧ/a! f v#, ~2.27!

F1C528pGa2k22pP22e f p , ~2.28!

wheree[4pGM2. If we define

C5Cs1Cm , F5Fs1Fm ~2.29!

with:

k2Fs5e@ f r13~ ȧ/a! f v#, Fs1Cs522e f p , ~2.30!

we easily find

Fm54pGra2k22FDg13~11w!S ȧ

aD V

k
23~11w!FG ,

~2.31!

Cm52Fm28pGa2pPk22. ~2.32!

Equation ~2.31! has been written in terms of the gaug
invariant density perturbationDg , because this choice wil
simplify our final equations. Physically,Dg corresponds to
the density perturbation in the flat slicing. The evolution
Dg andV is described by the conservation equations~2.18!
and ~2.19!, which read explicitly:

Ḋg13~cs
22w!

ȧ

a
Dg52~11w!kV, ~2.33!

V̇1
ȧ

a
~123cs

2!V5k~C23cs
2F!

1k
cs

2

11w
Dg2

2w

3~11w!
kP.

~2.34!

To simplify the analysis, we will assumew5cs
2

5constant. The unperturbed background equations are
solved bya}h r , with r 52/(3w11). Since we are inter-
ested in very large scale perturbations in the cosmic mic
wave background, we concentrate our discussion on su
horizon scales, such thatkh!1. Equations~2.31! and~2.29!
then lead to
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3~11w!
Dg1

r

kh
V1

2

9r 2~11w!
~kh!2Fs ,

~2.35!

wherer 51 for the radiation-dominated era, andr 52 for the
matter-dominated era.

The evolution equation forDg , Eq. ~2.33!, implies
dDg /d(kh)52(11w)V. In the physical picture we have in
mind, metric perturbations are triggered by the presence
the seeds alone, and we do not want to include an arbit
contribution from the perturbations of the homogeneo
sources. We thus requireDg(0)50, which implies Dg
;khV. Hence, we may neglect theDg-term in Eq.~2.35! for
kh!1.

Combining Eqs.~2.35!, ~2.34!, ~2.28! we find, on super-
horizon scales,

C5
dV

d~kh!
1

r

kh
V1

2w

3r 2~11w!
~kh!2Fs

1
2~kh!2

9r 2~11w!
~2e f p1C1F!. ~2.36!

The two equations~2.35! and~2.36! relate the three vari-
ablesC, F andV once the seeds are given. To proceed,
need an equation of state to close the system. For si
component fluids this equation usually takes the formP
5P(Dg ,V). We are interested in large-scale CMB anisotr
pies, which are induced at recombination and later, when
universe is already matter-dominated, withp!r. Thus, in
what follows, we will consider the caseP50, which implies

F1C522e f p . ~2.37!

Furthermore, in a matter-dominated Friedmann universer
52 andw50. The equation of motion forV, obtained by
combining Eqs.~2.35!, ~2.36!, ~2.37!, then reads

dV

d~kh!
1

4

kh
V52

1

18
~kh!2Fs22e f p

52
1

18
h2e@ f r13~ ȧ/a! f v#22e f p .

~2.38!

In the next subsection, we shall see that the large-s
anisotropies of the CMB are determined by the combinat
C2F. Using Eqs.~2.35!, ~2.37! and~2.38!, we find, imme-
diately,

C2F5
dV

d~kh!
2

1

18
h2e@ f r13~ ȧ/a! f v#. ~2.39!

Modulo numbers of order unity, which can be computed c
by case, we finally arrive at the estimates

C2F;
dV

d~kh!
;

V

kh
;maxH e f p ,eh2S f r13

ȧ

a
f vD J .

~2.40!
1-4
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SEEDS OF LARGE-SCALE ANISOTROPY IN STRING . . . PHYSICAL REVIEW D 59 043511
Depending on whetherh2( f r13(ȧ/a) f v) or f p dominates
in Eq. ~2.40!, we can distinguish between seeds with sm
and large anisotropic stresses. We will discuss in Sec. II
which case our string-cosmology seeds belong.

If the term eh2( f r13(ȧ/a) f v)5x2Fs dominates, we
conclude from Eqs.~2.38!,~2.39! that

F;C;~kh!2Fs;~kh!2Cs!Fs;Cs , ~2.41!

on super-horizon scales. This suppression of the total g
metric perturbations, if compared with the source pertur
tions alone, is known under the name of ‘‘compensatio
@14#. The conservation equations~2.18!, ~2.19! show that the
presence of seeds induces matter perturbations that tr
compensate the gravitational potential of the seeds. S
anisotropic stresses in the seeds cannot be compensated
perfect fluid, compensation is not effective, if anisotrop
stresses dominate. But, as shown here~see also@14#!, the
phenomenon of compensation is quite generic and, to a l
extent, independent of the spectrum of seed fluctuations

B. The seed contribution to CMB anisotropies

In this subsection we calculate the CMB anisotropies
models where perturbations are induced by seeds, and
contribution toDT/T via the Sachs-Wolfe effect@15#. We
first discuss in general the motion of photons in a pertur
Friedmann universe.

We make use of the fact that the equations of motion
photons are conformally invariant. More precisely, two m
rics that are conformally equivalent,

ds̄25a2ds2, ~2.42!

have the same light-like geodesics, only the correspond
affine parameters are different. Let us denote the two af
parameters byl̄ andl respectively, and the tangent vecto
to the geodesic by

n5
dx

dl
, n̄5

dx

dl̄
, n25n̄250, n051, n251.

~2.43!

Settingn0511dn0, the geodesic equation for the perturb
metric

ds25~hmn1hmn!dxmdxn ~2.44!

yields, to first order,

dn0u i
f5@h001h0 jn

j # i
f2

1

2 E
i

f

ḣmnnmnndl. ~2.45!

On the other hand, the ratio of the energy of a photon m
sured by some observer att f to the energy emitted att i is

Ef

Ei
5

~ n̄•u! f

~ n̄•u! i
5

Tf

Ti

~n•u! f

~n•u! i
, ~2.46!
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whereuf and ui are the four-velocities of the observer an
emitter respectively, and the factorTf /Ti is the usual~unper-
turbed! redshift, which relatesn andn̄. The velocity field of
observer and emitter is given by

u5~12A!]h1v i] i . ~2.47!

An observer measuring a temperatureT0 receives photons
that were emitted at the timehdec of decoupling of matter
and radiation, at the fixed temperatureTdec. In first-order
perturbation theory, we find the following relation betwe
the unperturbed temperaturesTf ,Ti , the measurable tem
peraturesT0 ,Tdec, and the photon density perturbation:

Tf

Ti
5

T0

Tdec
S 12

dTf

Tf
1

dTi

Ti
D5

T0

Tdec
S 12

1

4
d~g!u i

f D ,

~2.48!

whered (g) is the intrinsic density perturbation in the radi
tion and we usedr (g)}T4 in the last equality. Inserting the
above equation and Eq.~2.45! into Eq. ~2.46!, and using Eq.
~2.3! for the definition ofhmn , one finds, after integration by
parts@18#:

Ef

Ei
5

T0

Tdec
H 12F1

4
Dg

~g!1Vj
~m!nj1C2F G

i

f

1E
i

f

~Ċ 2Ḟ!dlJ . ~2.49!

Here Dg
(g) denotes the density perturbation in the radiati

fluid, andV(m) is the peculiar velocity of the baryonic matte
component~the emitter and observer of radiation!. The final
time values in the square bracket of Eq.~2.49! give rise only
to monopole contributions and to the dipole due to our m
tion with respect to the CMB, and will be neglected in wh
follows.

Evaluating Eq.~2.49! at final timeh0 ~today! and initial
time hdec, we obtain the temperature difference of photo
coming from different directionsn andn8

DT

T
[

dT~n!

T
2

dT~n8!

T
, ~2.50!

with temperature perturbation

dT~n!

T
5F1

4
Dg

~g!1Vj
~m!nj1C2F G~hdec,xdec!

1E
hdec

h0
~Ċ2Ḟ!„h,x~h!…dh, ~2.51!

wherex(h)5x02(h02h)n is the unperturbed photon pos
tion at timeh for an observer atx0 , andxdec5x(hdec). The
first term in Eq.~2.51! describes the intrinsic inhomogene
ities on the surface of the last scattering, due to acou
oscillations prior to decoupling. In general, it also conta
contributions to the geometrical perturbations. This is es
cially important in the case of adiabatic inflationary mode
@23#. However, for perturbations induced by seeds, wh
1-5
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satisfy the initial conditionDg(k,h)→0 for h→0, the geo-
metrical contributions toDg can be neglected. The secon
term describes the relative motions of emitter and obser
This is the Doppler contribution to the CMB anisotropies.
appears on the same angular scales as the acoustic term
we thus call the sum of the acoustic and Doppler contri
tions ‘‘acoustic peaks.’’

The last two terms are due to the inhomogeneities in
spacetime geometry; the first contribution determines
change in the photon energy due to the difference of
gravitational potential at the position of emitter and observ
Together with the part contained inDg

(r ) they represent the
‘‘ordinary’’ Sachs-Wolfe effect. The second term accoun
for red-shift or blue-shift caused by the time dependence
the gravitational field along the path of the photon, and r
resents the so-called Integrated Sachs-Wolfe~ISW! effect.
The sum of the two terms is the full Sachs-Wolfe contrib
tion ~SW!.

On angular scales 0.1°&u&2°, the main contribution to
the CMB anisotropies comes from the acoustic peaks, w
the SW effect is dominant on large angular scales. On sc
smaller than about 0.1°, the anisotropies are damped by
finite thickness of the recombination shell, as well as
photon diffusion during recombination~Silk damping!. Bary-
ons and photons are very tightly coupled before recomb
tion, and oscillate as a one-component fluid. During the p
cess of decoupling, photons slowly diffuse out of over-de
regions into under-dense ones. To fully account for this p
cess, one has to solve the Boltzmann equation for the p
tons ~see, e.g.@18#!.
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The angular power spectrum of CMB anisotropies is e
pressed in terms of the dimensionless coefficientsCl , which
appear in the expansion of the angular correlation function
terms of the Legendre polynomialsPl :

K dT

T
~n!

dT

T
~n8!L

~n–n85cosq!

5
1

4p (
l

~2l 11!Cl Pl~cosq!. ~2.52!

Here the brackets denote spatial average, or expectation
ues if perturbations are quantized.

To determine theCl we Fourier-transform Eq.~2.51!, de-
fining

w~k!5
1

AV
E

V
w~x!eik–xd3x, ~2.53!

and using the identity

eiz cosq5(
l

~2l 11!i l j l~z!Pl~cosq! ~2.54!

~where j l is the spherical Bessel function of orderl!. For the
coefficientsCl of Eq. ~2.52! we obtain

Cl5
2

p E ^uD l~k!u2&
~2l 11!2 k2dk, ~2.55!

where
D l

2l 11
5 j l~kh0!F1

4
Dg

~r !~k,hdec!1~C2F!~k,hdec!G2 j l8~kh0!Vr~k,hdec!1E
hdec

h0
~Ċ2Ḟ !~k,h8! j l~kh02kh8!dh8

5
1

4
Dg

~r !~k,hdec! j l~kh0!2 j l8~kh0!Vr~k,hdec!1kE
hdec

h0
~C2F!~k,h8! j l8~kh02kh8!dh8, ~2.56!

and j l8 stands for the derivative ofj l with respect to its argument. On large angular scales,khdec!1 ~which corresponds to
l !100), the SW contribution dominates:

Cl
SW5

2

p E k4dkK F E
hdec

h0
~C2F!~k,h! j l8~kh02kh!dhG2L . ~2.57!
Let us approximate the Bardeen potentials on sup
horizon scales by a power-law spectrum:

^uC2Fu2&5C2~k!~kh!2g. ~2.58!

Furthermore, we consider models where the seed contr
tion does not grow in time on sub-horizon scales. In this c
the Bardeen potentials, inside the horizon, are dominated
the cold dark matter contribution, which leads to tim
independentF andC. We can thus approximate the Barde
potentials by
r-

u-
e

by
-

C2F'H C~k!~kh!g, kh!1,

C~k!, kh@1.
~2.59!

We further assume that alsoC(k) is given by a simple power
law. Thus, for dimensional reasons, it has the form

C~k!5HNk23/2~k/k1!a, k<k1 ,

0, k.k1 ,
~2.60!
1-6
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whereN is a dimensionless constant, andk1 denotes a co-
moving cutoff scale, i.e., the maximal amplified frequen
determined by the explicit mechanism of seed production~in
the casea50 no cutoff is needed!. Inserting this in Eq.
~2.57!,

Cl
SW'N 2

2

p E
0

k1 dk

k S k

k1
D 2a

uI ~k!u2, ~2.61!

where, settingx5kh, x05kh0 , xdec5khdec,

I ~k!5E
xdec

1

dxxg j l8~x02x!1E
1

x0
dx jl8~x02x! ~2.62!

5E
xdec

1

dxxg j l8~x02x!1 j l~x021!. ~2.63!

We can see explicitly from this equation that the relev
contribution of each mode to the CMB anisotropy com
while the mode is still outside the horizon (kh,1). We now
distinguish two cases.

If g.21 the lower bound in Eq.~2.63! can be safely
extended to 0, and the integral is dominated by the reg
kh;1, so that

I ~k!; j l~x02xdec!; j l~x0!, xdec!1,x0 . ~2.64!

Inserting this in Eq.~2.61!, the integral can be performe
exactly ~assumingh0k1@ l ), with the result, fora,1,

Cl
SW'N 2~k1h0!22a

G~222a!

4~12a!G~3/22a!

3
G~ l 1a!

G~ l 122a!
, a,1 ~2.65!
fla
f

r-
al
ba
um
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n

~if a.1, the integral grows towards largek and is dominated
by the contributions atk;k1 , leading to an l-independen
result of order (N/k1h0)2). Comparing the above equatio
with the standard inflationary result@24#,

Cl
SW}

G~ l 21/21n/2!

G~ l 15/22n/2!
, ~2.66!

wheren denotes the usual spectral index, we find thata is
related ton by a5(n21)/2. The scale-invariant spectrum
as it has been observed by the DMR experiment aboard
COBE satellite@25#, requires

0.9<n<1.5 ~2.67!

so that, within 1s error bars, the COBE observations impl

20.05<a<0.25, g.21. ~2.68!

Consider now the second case,g11<0. The integral
~2.63! is now dominated by its value at the lower bounda
and we get

uI ~k!u2'
1

~g11!2 xdec
2~g11!F l

2l 11
j l 21~x0!

2
l 11

2l 11
j l 11~x0!G2

. ~2.69!

If also a1g,0, thek-integral converges and we obtain~see
Appendix A!
Cl
SW'

N 2

22~a1g!~g11!2

G„22~a1g!…

G„1/22~a1g!…2 S hdec

h0
D 2~g11!

~k1h0!22a
G~ l 111a1g!

G~ l 112a2g!

1

~2l 11!2

3F l 2~ l 2a2g!

l 1a1g
1

2l ~ l 11!~1/21a1g!

~1/22a2g!
1

~ l 11!2~ l 111a1g!

~ l 112a2g! G . ~2.70!
to
os-
ss-
Comparing again this last result with that of standard in
tion, Eq. ~2.66!, and neglecting the weakl-dependence o
(2l 11)22@¯# in Eq. ~2.70!, we obtain

n;312~a1g!, a1g,0. ~2.71!

~If, on the contrary,a1g.0, the coefficientsCl are domi-
nated by the largek ~i.e. small-scale! contribution, even for
the very low values ofl. In this case the small-scale pertu
bations become too large, which is excluded observation
by the fact that the spectrum, for CMB and matter pertur
tions, must be close to the Harrison-Zel’dovich spectr
@26#.!
-

ly
-

The observational limits onn thus impose

20.05,g111a,0.25, g<21, n.312~a1g!

~2.72!

and

20.05,a,0.25, .21, n5112a. ~2.73!

In the following sections we will apply these findings
electromagnetic and axionic seeds produced in string c
mology. In the axions case we will discuss separately ma
less and massive perturbations.
1-7
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III. SEEDS FROM STRING COSMOLOGY

In this section we compute the seed functionsf r , f v , f p ,
and we estimate the Bardeen potentials for electromagn
and axion perturbations, including the case of massive
ions.

A. Amplification of quantum fluctuations

We start by recalling the form of the~string-frame! low-
energy string effective action@27#:

Ge f f
S 5E dDxAugue2fS R1gmn]mf]nf

2
1

12
gmrgnsgabHmnaHrsb2

1

4
gmngrsFmrFnsD ,

~3.1!

where we have included the antisymmetric tensorHmna
5] [mBna] and theU(1) gauge fieldFmn5] [mAn] . Note that
this gauge field is typical of what emerges from hetero
string compactification. For gauge fields originatingà la
Kaluza-Klein, the action and the spectra are somewhat
ferent, as discussed in@28#.

Upon compactification down to four dimensions, and af
introduction of the axion fields by the duality transforma-
tion:

Hmna5e2femnab]bs, ~3.2!

one easily arrives at the dimensionally reduced action:

Ge f f
S 5E d4xAugue2fS R1gmn]mf]nf

2
1

2
e2fgmn]ms]ns2

1

4
gmngrsFmrFnsD . ~3.3!

The study of tensor~T!, scalar-dilaton~SD!, electromag-
netic ~EM! and axion ~AX ! perturbations is convenientl
performed defining the external ‘‘pump field,’’ responsib
for their amplification. To this aim, we first identify for eac
perturbation the canonical variablesc i , which diagonalize
the perturbed action expanded up to second order@29#. In a
purely metric-dilaton background, such variables are ea
found from Eq.~3.3! to be

cT5ae2f/2hTT[aEhTT, cSD5ae2f/2f1 ¯ ,

cEM5e2f/2Am , cAX5aef/2s[aAs. ~3.4!

Here hTT denotes the transverse-traceless part of the me
perturbations, the dots in the equation forcSD represent the
additional scalar-metric terms needed to reproduce
gauge-invariant scalar perturbation@29#, aE is the scale fac-
tor in the Einstein frame, andaA in the axion frame@12#. By
varying the perturbed action, we find that the Fourier mo
ck(h) of each of these four perturbations satisfy decoupl
linear equations of the type:
04351
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c̈k1S k22
P̈

P
Dck50, ~3.5!

whereP(h) is the pump field, obtained for each case fro
Eq. ~3.4! as

PT5PSD5aE ; PEM5e2f/2; PAX5aA . ~3.6!

At the beginning of the inflationary era, characterized
an accelerated evolution of the pump field, every pertur
tion is well inside the horizon and Eq.~3.5! has oscillating
solutions, which can be consistently normalized to a vacu
fluctuation spectrum. During the whole pre-big bang pha
the general solution can be written in terms of Hankel fun
tions @30#, with a Bessel index determined by the power th
characterizes the background evolution~in conformal time!
of the pump field. This behavior has to be matched with
one after the pre-big-bang phase when, as we assume
universe becomes radiation-dominated and the dila
freezes to its present value. In all four cases this implie
free Klein-Gordon equation for the canonical variable af
the period of accelerated evolution. By matching the pre-b
bang and radiation solutions of the perturbation equatio
we eventually obtain the final amplified perturbations duri
the radiation era.

For T and SD perturbations the time evolution of t
background leads to a spectrum that is in general too s
@7# ~see also@31#! to be expected to give any significan
contribution to very large scale structures, or to temperat
anisotropies on the COBE scale. The only way to achiev
reasonable contribution would be to have a very long str
phase with an almost constant dilaton@9#, which is not ex-
cluded, in principle, either theoretically or phenomenolo
cally, but which looks somewhat unlikely, from both poin
of view.

For EM perturbations, however, the situation seems to
more interesting. Consider in fact the transition from a p
big-bang phase, with growing dilaton (f522b loguhu), to
the standard radiation-dominated phase withf5const, and
call h1 the transition time scale. The electromagnetic flu
tuations are directly coupled to the dilaton background,
such a way that each polarization modeck satisfies at all
times, in momentum space and in the radiation gauge,
evolution equation:

c̈k1@k22ef/2~e2f/2!••#ck50. ~3.7!

In the pre-big-bang phase, the general solution of this eq
tion, normalized to a vacuum fluctuation spectrum, can
written in terms of Hankel functions of the second kind a

ck5h1/2Hm
~2!~ ukhu!, m5Ub2

1

2U, h,h1 . ~3.8!

In the radiation era we have instead the free plane-wave
lution,

ck5
1

Ak
@c1~k!e2 ikh1c2~k!eikh#, h.h1 . ~3.9!
1-8
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By matching the two solutions at the transition timeh1 we
easily obtain, forukh1u!1 andh.h1 ,

c656c~k!e6 ikh, ck5
c~k!

Ak
sin kuh2h1u,

uc~k!u.~k/k1!2m21/2, ~3.10!

where k151/uh1u represents the maximal amplified fre
quency~higher-frequency modes are unaffected by the ba
ground transition!. The associated energy-density distrib
tion of the produced photons is then@11#:

dr~k!

d log k
.S k

aD 4

uc2~k!u2.S k1

a D 4S k

k1
D 322m

,

k,k1 , m,3/2, ~3.11!

wherem,3/2 to avoid photon overproduction which wou
destroy the homogeneity of the classical background,
where the amplitudec(k) has been estimated modulo n
merical factors of order 1. At large timesh@uh1u we thus
obtain, in string cosmology, a cosmic background of elec
magnetic fluctuations that, for a long enough pre-big-ba
phase withb&2, are characterized by a rather flat spectru
and could provide the long-sought origin of the galactic m
netic fields@11#. The amplified fluctuations satisfy stochas
correlation functions, as a consequence of their quantum
gin.

Correspondingly, if we consider axionic perturbations,
are led to the canonical equation

c̈k1S k22
äA

aA
Dck50, ~3.12!

very similar to Eq.~3.7!. The same procedure as in the ele
tromagnetic case then leads to the spectrum~3.11! with m
5ur u, where r parametrizes the three-dimensional axi
scale factor asaA(h);h r 11/2. For r 523/2, in particular,
the axion metric describes a de Sitter inflationary expans
and the energy density of a massless axion background h
flat spectral distribution,dr/d log k.(k1 /a)4, as first noted
in @12#. The value ofr depends on the number and on t
kinematics of the internal dimensions, and the value23/2
can be obtained, in particular, for a ten-dimensional ba
ground with special symmetries@28#.

In the axion case, however, the low frequency tail of t
spectrum is further affected by the radiation→matter transi-
tion, as the axion pump fieldaA is not a constant~unlike the
dilaton! in the matter-dominated era, whereaA5a}h2. This
has important consequences that will be discussed in deta
Sec. III C.

After these preliminary observations we shall now es
mate the form of the seed functions for both EM and A
seeds.

B. Electromagnetic seeds

Here we determine the spectral components of the in
mogeneous stress tensor, for a stochastic background
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tained by amplifying the quantum EM fluctuations of th
vacuum, as discussed in the previous subsection. Howe
independently of the production mechanism, the results
this section can be applied to any EM fluctuation backgrou
parametrized by a vector potential that, in momentum sp
and in the radiation gauge, takes the form

Ai~k,h!5
ci~k!

Ak
sin kh, kiAi50, A050. ~3.13!

Ai is a Gaussian random variable which obeys the stocha
average condition:

^Ai~k!Aj* ~k8!&5
~2p!3

2
d3~k2k8!S d i j 2

kikj

k2 D
3uA~k,h!u2. ~3.14!

The above condition has been normalized in such a way

(
i

^Ai~k!Ai* ~k8!&5~2p!3d3~k2k8!uA~k,h!u2.

~3.15!

Taking into account that the electric component of t
stochastic background is rapidly dissipated, because of
conductivity of the cosmic plasma@32#, the seed stress tenso
can be expressed in terms of the magnetic field only. Set
Bi(k)5 i e i j l kjAl(k), the condition~3.14! implies

^Bi~k!Bj* ~k8!&5
~2p!3

2
d3~k2k8!S d i j 2

kikj

k2 D
3uB~k,h!u2, ~3.16!

where

uB~k,h!u25k2uA~k,h!u25kuc~k!u2sin2kh. ~3.17!

In a process of photon production, the coefficientuc(k)u2
represents the Bogoliubov coefficient@29# fixing the average
photon number density,^n(k)&, and is linked to the spectra
energy distribution by

dr~k!

d log k
5S k

aD 4 ^n~k!&
p2 .S k

aD 4 uc~k!u2

p2 . ~3.18!

In what follows we shall use foruc(k)u2 a power-law spec-
trum, characterized by a cut-off frequencyk1 ,

uc~k!u25H ~k/k1!22m21, k<k1 , m<3/2,

0, k.k1 .
~3.19!

This reproduces in particular the spectral distribution~3.11!,
wherem is fixed by the dilaton growth rate.

We shall now compute the two-point correlation fun
tions, for the various components of the inhomogene
stress tensorTm

n , associated with the electromagnetic bac
ground:
1-9
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jm
n ~x,x8!5^Tm

n ~x!Tm
n ~x8!&2^Tm

n ~x!&^Tm
n ~x8!&

~3.20!

~no sum overm,n, and the angular brackets denote stocha
average!. The Fourier transform ofj is related to the scala
seed functionsf r , f v , f p , defined in the previous section. Fo
j0

0 we have, for instance,

j0
0~x,x8!5S M

a D 4E d3k

~2p!3 eik•~x2x8!u f r~k!u2. ~3.21!

For Ei50, in particular, we have to compute the corre
tion of a sum of terms that are quadratic in the magne
field. We start considering the energy-density correlat
function,

j0
0~x,x8!5^r~x!r~x8!&2„^r~x!&…2, r52T0

05
uBu2

8pa4 ,

~3.22!

and compute

D i j
B~x,x8!5^Bi

2~x!Bj
2~x8!&2^Bi

2&^Bj
2& ~3.23!

where, using the stochastic average~3.16! and the reality
conditionB* (k)5B(2k),

^Bi
2~x!&5

1

2 E d3k

~2p!3 uB~k!u2S 12
ki

2

k2D . ~3.24!

In momentum space, the two-point correlation function
the energy density can be written as a four-point correla
function for the stochastic fields~see also@33#!. We have, in
particular,

^Bi
2~x!Bj

2~x8!&

5E d3k

~2p!3

d3k8

~2p!3

d3p

~2p!3

d3q

~2p!3 ei ~k•x1k8•x8!

3^Bi~p!Bi~k2p!Bj~q!Bj~k82q!&. ~3.25!

Decomposing the four-point bracket of the Gaussian v
ablesBj as

^Bi~p!Bi~k2p!&^Bj~q!Bj~k82q!&

1^Bi~p!Bj~q!&^Bi~k2p!Bj~k82q!&

1^Bi~p!Bj~k82q!&^Bi~k2p!Bj~q!&,

~3.26!
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and using Eq.~3.16!, we find that the first term in the abov
equation is exactly cancelled by the quadratic avera
^Bi

2&^Bj
2&, while the other two terms give~no sum overi , j ):

D i j
B~x,x8!5

1

2 E d3k

~2p!3

d3p

~2p!3 eik•DxuB~p!u2

3uB~k2p!u2S d i j 2
pipj

p2 D
3S d i j 2

~k2p! i~k2p! j

uk2pu2 D , ~3.27!

whereDx5x2x8. By summing over the vector componen
we obtain

DB~x,x8!5(
i j

D i j
B~x,x8!

5
1

2 E d3k

~2p!3

d3p

~2p!3 eik•DxuB~p!u2uB~k2p!u2

3F11
up•~k2p!u2

p2uk2pu2 G . ~3.28!

According to Eq.~3.21!, the energy-density spectrum of th
electromagnetic seeds is thus determined by

u f ru2S M

a D 4

5
1

2~8pa4!2 E d3p

~2p!3

3uc~p!u2uc~k2p!u2puk2pu

3~11cos2a!sin2phsin2uk2puh,

~3.29!

where a is the angle betweenp and k2p. Inserting the
power spectrum~3.19!, and definingy5p/k1 , z5k/k1 , the
above integral can be written, in polar coordinates, as

u f ru2S M

a D 4

5
k1

5

2~8pa4!2~2p!2 E
0

1

dyy222m

3E
21

1

dxb22m~11cos2a!

3sin2~yk1h!sin2~bk1h!, ~3.30!

where we definedx5cosq, q being the angle betweenp and
k, and

b25uz2yu25y21z222xyz,

cos2a5b22~y21x2z222xyz!. ~3.31!

The integral of Eq.~3.30! will be evaluated forukhu
5uzk1hu!1, since we are interested in the large-scale se
1-10
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of the CMB anisotropy, namely in the spectrum of all mod
that are still outside the horizon at the time of decouplin
For EM seeds these modes give the dominant contributio
the SW effect, as we will see in Sec. IV. Estimating t
contributions to the integral from the regionsph!1, ph
;1 andph@1, and recalling thatm<3/2 according to Eq.
w

i.e

-

r
t

Eq

04351
s
.
to

~3.11!, we find that the dominant contribution comes fro
ph@1 if m<3/4. If 3/4<m<3/2, the integral is dominated
from its contribution atp;k, thusph,1 on super-horizon
scales. In both cases we obtain forf r a white noise spectrum
i.e. u f r(k)u2;constant, but in the second case there is a pa
metric enhancement~see Appendix B!. More precisely
s to the

ion

diation-
k3u f ru2S M

a D 4

.H dr
2~k1 /a!8~k/k1!3, m<3/4

cr
2~k1 /a!8~k/k1!3~k1h!4m23, 3/4<m<3/2,

~3.32!

wheredr andcr are dimensionless numbers of order 1. Consequently, the energy-density contribution of the EM seed
Bardeen potentials is, according to Eq.~2.40!,

eh2u f ruk3/2.H 4pGdr~ah!2~k1 /a!4~k/k1!3/2, m<3/4,

4pGcr~ah!2~k1 /a!4~k/k1!3/2~k1h!2m23/2, 3/4<m<3/2.
~3.33!

The contribution of the off-diagonal scalar potentialf p can be similarly obtained by computing the correlation funct
j i

j (x,x8), with iÞ j . For purely magnetic seeds,f v50, we find

f r53 f p;k2f p , ~3.34!

so that the Bardeen potentials, according to Eq.~2.40!, are always dominated byf p on super-horizon scales, ash2f r / f p

;(kh)2!1. Therefore

k3/2uC2Fu;ek3/2u f pu.H 4pGdp~ah!2~k1 /a!4~k/k1!21/2~k1h!22, m<3/4,

4pGcp~ah!2~k1 /a!4~k/k1!21/2~k1h!2m27/2, 3/4<m<3/2.
~3.35!

where dp and cp are dimensionless numbers of order 1. By assuming that the universe becomes immediately ra
dominated at the physical cut-off scaleH15k1 /a1 , such a fluctuation spectrum can be expressed in terms ofVg(h)
5(H1 /H)2(a1 /a)4, i.e. of the fraction of critical energy density in radiation at a given timeh, and of g15H1 /M p , the
transition scale in units of the Planck massM p . Denoting withv5k/a the proper frequency, and usingrc53M p

2H2/8p for
the critical density, we obtain

k3/2uC2Fu;H g1
2Vg~h!~v/v1!21/2~v1 /H !22, m<3/4,

g1
2Vg~h!~v/v1!21/2~v1 /H !2m27/2, 3/4<m<3/2.

~3.36!
-

C. Axionic seeds

As a second example of seed inhomogeneities we
consider a pseudoscalar stochastic background, amplified
cording to the perturbation equation~3.12!.

In the initial, higher-dimensional pre-big-bang phase,
for h,h1 , the solution for the canonical variablec can be
written as in Eq.~3.8!, with m5ur u<3/2, as discussed pre
viously. In the radiation era, i.e. forh1,h,heq , the effec-
tive potential äA /aA is vanishing, asf5const anda;h,
andc is given by the plane-wave solution~3.9!. In the final
matter-dominated era, i.e. forh.heq , we havea;h2, and
äA /aA52/h2. The plane-wave solution is still valid fo
modes withk.keq5heq

21 , that are unaffected by the las
transitions. Modes withk,keq feel instead the effect of the
potential in the matter era, and the general solution of
~3.12!, for those modes, can be written as
ill
ac-

.

.

ck~h!5
Akh

Ak
~AH3/2

~2!1BH3/2
~1!!

5
Akh

Ak
@~A1B!J3/22 i ~A2B!Y3/2#,

k,keq , h.heq . ~3.37!

HereJ3/2 andY3/2 are Bessel functions of argumentkh ~we
follow the conventions of@30#!.

The matching of the solutions ath1 determines the coef
ficientsc6(k) as in Eq.~3.10!. The matching atheq gives

A1B;c~k!~kheq!
21, A2B;c~k!~kheq!

2,
~3.38!
1-11
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so that the contribution ofJ3/2 to ck is always dominant with
respect to theY3/2 contribution, both forkh.1 andkh,1.
In the matter-dominated era, i.e. forh.heq , we can thus
approximate the produced stochastic axion background
follows:

s~k,h!.
c~k!

aAk
sin kh, k.keq ,

.
c~k!

aAk
S k

keq
D 21

~kh!2, k,keq , kh,1,

.
c~k!

aAk
S k

keq
D 21

, k,keq , kh.1. ~3.39!

The correlation functions for the various components
the stress tensor,

Tm
n 5]ms]ns2

1

2
dm

n ~]as!2 ~3.40!

can be computed by exploiting the stochastic average co
tions of the Gaussian variabless,ṡ ands j5] js,

^s~k!s* ~k8!&5~2p!3d3~k2k8!S1~k,h!,

^ṡ~k!ṡ* ~k8!&5~2p!3d3~k2k8!S2~k,h!,

^s i~k!s j* ~k8!&5kikj~2p!3d3~k2k8!S1~k,h!,

^s j~k!ṡ* ~k8!&52^ṡ~k!s j* ~k8!&

5 ik j~2p!3d3~k2k8!S3~k,h!,

~3.41!

where, according to Eq.~3.39!,

S1~k,h!.
uc~k!u2

ka2 , k.keq ,

.
uc~k!u2

ka2 S k

keq
D 22

~kh!4, k,keq , kh,1,

.
uc~k!u2

ka2 S k

keq
D 22

, k,keq , kh.1 ~3.42!
04351
as

f

i-

S2~k,h!.k
uc~k!u2

a2 , k.keq ,

.0, k,keq , kh,1,

.k
uc~k!u2

a2 S k

keq
D 22

, k,keq , kh.1,

~3.43!

S3~k,h!.
uc~k!u2

a2 , k.keq ,

.0, k,keq, kh,1,

.
uc~k!u2

a2 S k

keq
D 22

, k,keq , kh.1.

~3.44!

Following the same procedure as the one used for EM se
and collecting all contributions to the correlation function
the axion energy density,

rs5
1

2a2 @ṡ21~] is!2#, ~3.45!

we obtain fromj0
0(x,x8) that the energy density spectrum

determined by

k3u f ru2S M

a D 4

5
2k3

~2a2!2 E d3p

~2p!3 @S2~p!S2~k2p!

1up•~k2p!u2S1~p!S1~k2p!

22p•~k2p!S3~p!S3~k2p!#. ~3.46!

In order to evaluate this integral outside the horizon,
the regionkh<1, we must distinguish two cases,m,3/4
and m.3/4. In both cases, by separate integration in
ranges 0,p,h21, h21,p,keq , keq,p,k1 , we find a
white noise spectrum,u f ru;const. In particular~see Appen-
dix B!,
velocity
k3/2u f ruS M

a D 2

5H dr
s~k1 /a!4~k/k1!3/2@11dr

s~keq /k1!2~k1h!2m11/2#, m<3/4

cr
s~k1 /a!4~k/k1!3/2~keq /k1!2~k1h!2m11/2, 3/4<m<3/2,

~3.47!

wherecr
s ,dr

s ,dr
s are dimensionless numbers of order 1. The same power spectrum is also obtained for the scalar

potentialf v , associated to the axion seeds. An explicit computation gives in factk fv;kh f r so that the contribution off r and
f v to the Bardeen potential are both of the same order: namely,

eh2u f ruk3/2;eh2
ȧ

a
u f vuk3/25H 4pGdr

s~ah!2~k1 /a!4~k/k1!3/2@11dr
s~keq /k1!2~k1h!2m11/2#, m<3/4

4pGcr
s~ah!2~k1 /a!4~k/k1!3/2~keq /k1!2~k1h!2m11/2, 3/4<m<3/2.

~3.48!
1-12
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We will now consider the anisotropic stress potentialf p , defined according to Eq.~2.23! by

¹4f p5
3

2M2 ] i] jFs is j2
1

3
d i j ~]ks!2G , ¹25d i j ] i] j . ~3.49!

Summing all contributions in the two point correlation function, we find

^¹4f p~x!¹4f p~x8!&2~^¹4f p&!25
9

2M4 E d3k

~2p!3 eik•Dxk4E d3p

~2p!3 p2uk2pu2S1~p!S1~k2p!

3S cos2q cos2g2
1

3
cosq cosg cosa1

1

9
cos2a D , ~3.50!

whereq, a andg are, respectively, the angles betweenp andk, p andk2p andk andk2p. The integral overp is of the same
type as the integral for the energy density spectrum@see Eq.~3.46!#, and gives fork2f p the same white noise spectrum~3.47!
as for f r ~modulo numbers of order 1!, since

k3/2u f p~k!uS k

aD 2

M2;k3/2u f r~k!uS M

a D 2

. ~3.51!

On super-horizon scales the contribution off p to the Bardeen potentials is always dominant with respect to thef r contribution
since, from the above equation,

h2f r;~kh!2f p . ~3.52!

In the whole rangekh<1 we can thus estimate the scalar perturbation spectrum, induced by massless axion seeds, thr
f p contribution to the Bardeen potentials. We find

k3/2uC2Fu;ek3/2u f pu5H 4pGdp
s~ah!2~k1 /a!4~k/k1!21/2~k1h!22@11dr

s~keq /k1!2~k1h!2m11/2#, m<3/4,

4pGcp
s~ah!2~k1 /a!4~k/k1!21/2~keq /k1!2~k1h!2m23/2, 3/4<m<3/2,

~3.53!

;H g1
2Vg~h!~v/v1!21/2~v1 /H !22@11dr

s~veq /v1!2~v1 /H !2m11/2#, m<3/4,

g1
2Vg~h!~v/v1!21/2~veq /v1!2~v1 /H !2m23/2, 3/4<m<3/2,

~3.54!
As
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wherecp
s ,dp

s ,dp
s are dimensionless numbers of order 1.

we will see in Sec. IV, the dominant contribution to the S
effect now comes, for each mode, from the time of reen
h;1/k.

Let us finally discuss the case of massive axions, with

Tm
n 5]ms]ns2

1

2
dm

n @~]as!22m2s2#, ~3.55!

and a primordial distribution again characterized by the
dexm, as in Eq.~3.19!. The mass term directly contribute t
f r and f p , and only indirectly to the off-diagonal potentia
f v , f p . We are interested in the axion perturbations that m
be relevant to the large-scale CMB anisotropy, namely in
modes that are outside the horizon at the decoupling erk
,aHdec. If, for these modes, the mass contribution is ne
ligible, ma,k,aHdec, then the AX seed functions and th
corresponding Bardeen potentials are the same as in
massless case~see before!. We will thus concentrate our dis
cussion on the case in which the axion mass is large eno
so that all modes outside the horizon at the equilibrium
och are already non-relativistic:
04351
y

-

y
e

-

he

h,
-

ma.aHeq.k. ~3.56!

In this case we may neglect the effects of an additional ax
production in the matter-dominated era, sincea2m2.ä/a at
h>heq . The axion fluctuations are amplified by th
inflation→radiation transition, but are to be evaluated in t
non-relativistic regime (h.heq), where the mass contribu
tion is already important.

For non-relativistic, super-horizon modes, the Four
components of the axion field become~see the non-trivial
calculation reported in Appendix C!:

s~k,h!5
c~k!

aAma
S k

k1
D 1/2S H1

m D 1/4

sinS m

H D ,

k,km5k1S m

H1
D 1/2

, ~3.57!

where the initial distributionc(k) is still given by Eq.~3.19!.
Herekm is the limiting frequency re-entering the horizon
the same time as it becomes non-relativistic, i.e.km /am
5Hm5m. Indeed, we are assuming that at the transit
scaleH1 the mass term is completely negligible,m!H1 ,
1-13
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and all modes are relativistic. As the proper momentum
red-shifted, the modes become non-relativistic whenm
5k/a5v, and re-enter the horizon whenH5v.

For the axion field~4.14! the stochastic conditions~3.41!
are still valid, but the squared amplitude~3.42!, averaged
over time scalesm/H@1, now become

S1~p,h!5
uc~k!u2

2ma3 S k

k1
D S H1

m D 1/2

5
1

m2a2 S2~p,h!5
1

ma
S3~p,h!. ~3.58!

For the case we are considering, the contribution off p to
the Bardeen potentials is always negligible with respec
h2f r . An explicit computation gives, in fact,

h2f r / f p.m/H@1, ~3.59!

where the last inequality is a consequence of Eq.~4.13!. In
addition, the mass contribution to the AX energy dens
dominates with respect to the momentum contribution, si
m.k/a. The energy density correlation function thus b
comes

j0
0~x,x8!5m4

„^s2~x!s2~x8!&2^s2~x!&2
… ~3.60!

~as uṡ(k)u5maus(k)u), and gives, using Eq.~4.15!:

k3u f ru2S M

a D 4

5m4k3E d3p

~2p!3 S1~p!S1~k2p!

5
mH1

8p2 S k1

a D 6S k

k1
D 3

3E
0

1

dyy222mE
21

1

dxb22m ~3.61!

wherex, y andb are defined in Sec. III B.
It should be noted that the above expression for the sp

trum is only valid ifm.3/4. Only in that case, in fact, is th
integral overy dominated by the contribution of the lowe
boundary,p/k1→0, and is the use of Eq.~3.58! for the axion
spectrum appropriate. In the opposite case, we have to
into account the different spectrum of non-relativistic su
horizon modes, forp.km , and possibly of relativistic mode
in the high-frequency limitp→k1 . In both cases we obtain
for m,3/4, a white noise spectrum and a negligible con
bution to the large-scale anisotropy, as we will see in
next section.

We will thus concentrate on the case 3/4,m<3/2. For
this case the integral~3.61! is estimated in Appendix B, and
we obtain

k3u f ru2S M

a D 4

5cm
2 mH1S k1

a D 6S k

k1
D 624m

, 3/4,m<3/2,

~3.62!

wherecm is a dimensionless number of order 1. The cor
sponding Bardeen spectrum is
04351
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k3/2uCu;k3/2uFu;eh2u f ruk3/2

54pGcm~ah!2~mH1!1/2S k1

a D 3S k

k1
D 322m

;g1
2cmS m

H1
D 1/2S H1

H D 2S a1

a D 3S v

v1
D 322m

;Vs~v!. ~3.63!

We may note thatCH2 evolves in time likea23, so that,
during the matter-dominated era~when H2}a23), the
Bardeen potentialC remains frozen at the value reached
the time heq of matter-radiation equilibrium. Using
(H1 /Heq)

2(a1 /aeq)
35(aeq /a1)5(H1 /Heq)

1/2, we obtain
for h.heq ,

k3/2uCu;k3/2uFu;cmg1
2S m

Heq
D 1/2S v

v1
D 322m

. ~3.64!

The CMB anisotropy induced by the EM and AX see
discussed here will be analyzed in the next section.

IV. CMB FLUCTUATIONS FROM PRE-BIG-BANG SEEDS

For electromagnetic seeds, with the assumption that
electric field is already dissipated away at recombination,
find that the seeds are generically suppressed by a fa
(khdec)

2, and the anisotropic stressf p dominates over the
density contributionf r ~see the discussion at the end of Se
II A !. By contrast, for massless axionic perturbations, ther
no (khdec)

2 suppression forf r , while there is one forf p .
For large wave numbers which enter the horizon before m
ter and radiation equality, EM and AX seeds lead to simi
amplitudes. Consequently, if the convolution leading tof p is
dominated by small scale contributions,m,3/4, the two
cases give similar geometric scalar perturbationsC, F,
through Eq.~2.40!.

However, on large scales,kheq,1, the additional axion
production during the matter-dominated era leads to an
hancement by the factor (h/heq)

2. This changes the time
dependence of the Bardeen potentials and has important
sequences as we will see below.

A. Electromagnetic seeds

The scalar metric perturbation spectrum induced by E
seeds is reproduced in Eqs.~3.35! and ~3.36!. Comparing
with our parametrization in terms ofa and g @see Eqs.
~2.59!, ~2.60!# we find

g5H 24, m<3/4

2m211/2, 3/4<m<3/2
~4.1!

a5H 7/2, m<3/4

522m, 3/4<m<3/2
~4.2!

and
1-14
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N5cpS g1

4p D 2

~k1heq!
2 ~4.3!

in both casesm,3/4,m.3/4 ~modulo numbers of order 1!.
Sinceg11,0, in both cases the seeds decay fast eno

outside the horizon, and our analysis of Sec. II applies. Ho
ever, in both casesg1a520.5, which leads to the spectra
index n52, i.e. to a spectrum that grows too fast with fr
quency to fit the results of COBE observations, see E
~2.71!, ~2.72!.

The quadrupole amplitude is given byQrms2PS

5A(5/4p)C2T0 , which has been measured@34# to be
Qrms2PS5(1862) mK. This leads to

C25~1.0960.23!310210. ~4.4!

From Eq.~2.70!, usinga1g521/2, k1heq5(H1 /Heq)
1/2,

g15H1 /M p , and settingl 52, we obtain:

C2
SW'

cp
2 g1

62a

10~4p!4~g11!2 S M p

Heq
D 22a

3S hdec

h0
D 2~g11!S heq

h0
D 2a

. ~4.5!

Compatibility with the COBE normalization,C2&10210,
thus implies

~62a!log10g1&55~a22!261 log10~g11!22 log10cp
2

~4.6!

~we have usedHeq /M p;10255, andhdec;heq;1022h0).
This important constraint is easily satisfied by a growi
seed spectrum,m,3/2, i.e.a.2. In the limiting ~and most
unfavorable! casem53/2, a52, g525/2, the above con-
dition reduces to

log10g1&21.420.5 log10cp . ~4.7!

Even in this limiting case there are no stringent constra
on the typical inflation scale of the ‘‘minimal’’ pre-big ban
scenario@1,7,8#, expected to approach the string mass sc
Ms asg15H1 /M p;Ms /M p . Indeed, the limiting condition
~4.7! is marginally compatible even with the maximal e
pected valueH1;Ms , since@35#

1022&Ms /M p&1021. ~4.8!

To conclude, the EM fluctuations seem to lead to a sc
perturbation spectrum that grows too fast with frequency
contribute in a significant way to the observed large-sc
anisotropy. The positive aspect of our result is that there
no significant constraints from the COBE normalization
the production of seeds for galactic magnetic fields, wh
remains allowed as discussed in@11#.

B. Axionic seeds

Let us first consider massless axions. Ifm,3/4, the situ-
ation is like in the electromagnetic case. The CMB fluctu
04351
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tions induced have the wrong spectrum, but their amplitu
is sufficiently low to avoid conflict with observations.

If 3/4<m<3/2 the situation becomes radically differen
Comparing Eq.~3.53! with the ansatz~2.59!, ~2.60! we ob-
tain, due to the additional factor (h/heq)

2,

g52m27/2, ~4.9!

a52g21/2522m13. ~4.10!

In the limiting casem53/2 this yieldsg521/2 anda50,
which corresponds to a Harrison-Zel’dovich spectrum
CMB fluctuations, according to Eq.~2.73!, with an ampli-
tude

N.g1
2 ~4.11!

@we have absorbed intog1 all dimensionless numerical coe
ficients of order one appearing in the spectrum~3.53!#. Note
that f r leads to a Bardeen potential with the samea, but with
g52m23/2. However, since againg.21, the contribution
to the SW effect is the same forf r and f p ~see Sec. II!.

The normalization of the axion spectrum to the COB
amplitude~4.4!, according to Eq.~2.65!, imposes the condi-
tion

C2
SW.N 2~k1h0!22a.g1

4S v0

v1
D 624m

.10210, ~4.12!

which implies

log10g1.
1642116m

112m
~4.13!

~again we have absorbed numerical coefficients intog1 , and
we have usedv0;10218 Hz, v1;g1

1/21011 Hz, according to
@7,8#!. On the other hand, the allowed range for the spec
index @see Eq.~2.73!#, combined with the conditionm<3/2
~required to prevent over-critical axion production!, conser-
vatively requiring 1<n<1.4, implies

1.4,m,1.5. ~4.14!

The combination of Eqs.~4.13!, ~4.14! leads to

331023&g15~H1 /M p!&2.6, ~4.15!

which is perfectly compatible with the identificationH1
;Ms @see Eq.~4.8!#.

A stochastic background of massless axions, produce
the context of the pre-big-bang scenario, is thus a poss
viable candidate for a consistent explanation of the lar
scale anisotropy observed by COBE. The important diff
ence between AX and EM seeds is the non-conformal c
pling of the axions to the metric, that leads to an additio
amplification of perturbations after the matter-radiati
equality.

Another interesting case is that of a massive axion ba
ground, for which thef p contribution to the Bardeen poten
tials is negligible when the super-horizon modes are alre
1-15
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non-relativistic at the time of decoupling,m.Hdec. As seen
in the previous section, one then obtains constant Bard
potentials, withg50, a5(n21)/25322m and

N5g1
2S m

Heq
D 1/2

~4.16!

@see Eq.~3.64!, where we have setcm51#. A flat Harrison-
Zel’dovich spectrum is again possible in the limiting ca
m53/2. The amplitude of perturbations, however, is e
hanced by the factor (m/Heq)

1/2, so that the value of the
axion mass has to be bounded, to avoid conflicting with
COBE normalization~4.4!.

We take again the allowed range form to be given by Eq.
~4.14!. In addition, the present axion energy density is co
strained by the critical density bound,Vs(h0)<1, imposed
at the peak frequencyvm of non-relativistic modes~see Ap-
pendix C!. Actually, an even stronger condition is require
for the validity of our perturbative approach, which negle
the back-reaction of the axionic seeds on the expansio
the universe. Using Eq.~C25! we thus impose the conditio

Vs~vm ,h0!;g1
2S H1

Heq
D 1/2S m

H1
D 22m

&0.1, ~4.17!

which implies

~22m!@ log10~m/Heq!2 log10g1255#

1
5

2
log10g11

55

2
,21. ~4.18!

In order to find a possible AX mass window compatib
with the COBE data, we now impose the normalizationC2
.10210 on the massive axion spectrum Eq.~3.64!. From Eq.
~2.65! we obtain

C2
SW.N 2~k1h0!22a.g1

4S m

Heq
D S v0

v1
D 624m

.10210,

~4.19!

from which

m.@1642 log10~m/Heq!24 log10g1#/116 ~4.20!

~we have usedv1 /v0;1029, neglecting the weak depen
dence ofv1 on the transition scaleg1). By eliminatingm in
terms of m and g1 , according to the above equation, th
constraints~4.14! and ~4.18!, plus the conditionm.Hdec
;Heq @assumed for the validity of the spectrum~3.64!#, de-
termine an allowed region in the plane (m,H1) as follows:

10210~M p /H1!4&m/Heq&101.6~M p /H1!4, m*Heq ,

@681 log10~m/Heq!14 log10g1#

3@ log10~m/Heq!2552 log10g1#

158~5515 log10g1!&21. ~4.21!

For a typical string cosmology scale,H1;Ms;(1021

21022)M p , we thus obtain the maximal allowed window
04351
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10227 eV&m&10217 eV. ~4.22!

As illustrated in Fig. 1, the window is shifted towards high
values of mass as the final inflation scale is lowered and
the spectral index is increased. The seed condition~4.17!
becomes important only at low inflation scales,H1 /M p
&1027. The stringent upper limit we obtained for the ma
can be traced back to the simplest model of background u
in this paper, that gives the same slope for the axion sp
trum at low and high frequency@see Eqs.~C24!, ~C26!#. It is
not excluded that higher values of the mass may beco
possible in a more complicated model of background, giv
a steeper high frequency spectrum.

V. CONCLUSIONS

In this paper we have considered the possibility that, i
string cosmology context, the large-scale temperat
anisotropies may arise from the contribution of seeds to
metric fluctuations, andnot from the direct amplification of
the metric fluctuations themselves, as in the conventio
inflationary scenario. We have discussed, in particular, t
cases: one in which the seeds are EM vacuum fluctuat
amplified by the growth of the dilaton field, and one in whic
the seeds are AX vacuum fluctuations amplified by the ti
evolution of a higher-dimensional background.

In the case of EM perturbations we have found that
induced angular power spectrum ofDT/T grows too fast to
be compatible with COBE observations. However, the c
tribution of the seeds to the large-scale anisotropy may
consistently imposed to be negligible, without constraini
in a significant way the basic parameters of the pre-big-b
models.

Massless AX perturbations, unlike EM perturbations, a
also affected by the radiation→matter transitions. This
changes the time dependence of the seed contribution to
Bardeen potentials and, due to the integrated Sachs-W
effect, a flat or slightly tilted blue spectrum of temperatu
anisotropies can be induced, compatible with present CO
observations. Scale-invariant massless axion seeds thu

FIG. 1. The phenomenologically allowed region is to the left
the curve Vs50.1, to the right of the vertical dashed linem
5Heq , and lies within the full linesn51, n51.4, to avoid con-
flicting with present COBE observations (n,1 is excluded by over-
critical axion production!. The shaded area defines the allow
mass window for an inflation scaleH15Ms , typical of string cos-
mology.
1-16
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pear as possible promising candidates for structure for
tion. Determining in more details the CMB anisotropy spe
trum also on smaller angular scales requires howe
numerical simulations, which we defer to a future resea
project.

For massive AX seeds the situation is qualitatively diffe
ent if the mass is such that all modes outside the horizo
the time of decoupling are already non-relativistic. In th
case the contribution toDT/T is controlled by the axion
mass, and a slightly tilted blue spectrum is still compati
with the amplitude and the slope measured by COBE, p
vided the axion mass is inside an appropriate window, in
ultra-light mass region. Higher values of masses may
come possible in models with more complicated ba
grounds.

At smaller angular scales, an axionic origin of CM
anisotropies should lead to acoustic peaks in the spect
with a structure different from that of the standard inflatio
ary scenario. This may in principle allow a test of mode
with axionic seeds through the very accurate observation
the CMB anisotropy planned in the near future@36#. It is
possible that, in spite of the differences mentioned in
introduction, achieving enough power at scales smaller t
COBE’s will require a very blue spectrum (n.1.5), as in
the isocurvature CDM model discussed in Ref.@37#. A thor-
ough investigation of this possibility is postponed to a futu
paper.
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APPENDIX A: SACHS-WOLFE COEFFICIENTS
FOR POWER-LAW SPECTRA

Assume that the Bardeen potentials are given by pow
law spectra as in Eq.~2.58!:

C2F5H C~k!xg, x!1

C~k!, x@1,
C~k!5Nk23/2~k/k1!a,

~A1!

wherex5kh, x05kh0 , xdec5khdec. The SW contribution
to the angular coefficientsCl is given by

Cl
SW5N 2

2

p E
0

k1 dk

k S k

k1
D 2a

uI ~k!u2, ~A2!

where

I ~k!5 j l~x021!1E
xdec

1

xg j l8~x02x!dx, ~A3!

and a prime stands for the derivative ofj l with respect to its
argument.

We concentrate here on the case whereg11,0. Further-
more, we are interested in the situation where the integra
Eq. ~A2! is dominated by large scales~small values ofk),
and thereforexdec!1. In that case the integralI (k) is domi-
nated by its value at the lower bound:
I ~k!'
1

u11gu
xdec

g11 j l8~x0!5
1

u11gu
xdec

g11F l

2l 11
j l 21~x0!2

l 11

2l 11
j l 11~x0!G . ~A4!

This leads to the following expression for theCl ’s:

Cl
SW5N 2

2

p S hdec

h0
D 2~g11! 1

u11gu2 ~k1h0!22aE
0

` dx0

x0
x0

2~a1g11!F l 2

~2l 11!2 j l 21
2 ~x0!2

2l ~ l 11!

~2l 11!2 j l 21~x0! j l 11~x0!

1
~ l 11!2

~2l 11!2 j l 11
2 ~x0!G

5
N 2

u11gu2

2

p S hdec

h0
D 2~g11!

~k1h0!22aF l 2

~2l 11!2 I l
~1!2

2l ~ l 11!

~2l 11!2 I l
~2!1

~ l 11!2

~2l 11!2 I l
~3!G , ~A5!

where, settingj l5Ap/xJl 21/2, we find ~Ref. @38#, number 6.574!, for a1g,0,

I l
~1!5

p

2 E
0

`

dxx2~a1g!Jl 21/2
2 ~x!

5
p

2

G„22~a1g!…G~ l 1a1g!

222~a1g!@G„2~a1g!11/2…#2G„l 2~a1g!…
; ~A6!
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I l
~2!5

p

2 E
0

`

dxx2~a1g!Jl 21/2~x!Jl 13/2~x!

5
p

2

G„22~a1g!…G~ l 111a1g!

222~a1g!G„2~a1g!21/2…G„3/22~a1g!…G„l 112~a1g!…
; ~A7!

I l
~3!5

p

2 E
0

`

dxx2~a1g!Jl 13/2
2 ~x!

5
p

2

G„22~a1g!…G~ l 121a1g!

222~a1g!@G„2~a1g!11/2…#2G„l 122~a1g!…
. ~A8!

Finally, combining the above results, we obtain the result given in Eq.~2.70!:

Cl
SW5

N 2

222~a1g!~g11!2

G„22~a1g!…

G~1/22a2g!2 S hdec

h0
D 2~g11!

~k1h0!22a
G~ l 111a1g!

G~ l 11a2g!

3F l 2

~2l 11!2

l 2a2g

l 1a1g
1

2l ~ l 11!

~2l 11!2

1/21a1g

1/22a2g
1

~ l 11!2

~2l 11!2

l 111a1g

l 112a2gG . ~A9!
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It is interesting to note that, fora1g521/2, the mixed
term I l

(2) vanishes, which is indeed what happens in the c
of electromagnetic seeds~see Sec. IV!.

APPENDIX B: THE SEED FUNCTIONS

1. Electromagnetic seeds

For purely magnetic seeds, all the seed functions can
approximately determined by the energy density correla
function j0

0, which leads to Eq.~3.30!. The contribution of
super-horizon modes (kh!1) to the spectrum can be est
mated in the limitz5k/k1→0. In this limit b→y, cos2 a
→1, and the integral~3.30! reduces to

I 5
k3k1

5

a8 E
0

1

dyy224m sin4~yk1h!, m<3/2. ~B1!

The dominant region of integration is easily shown to bey
;1 for m<3/4 andyk1h;1 for 3/4<m<3/2. This gives

I 5H ~k1 /a!8~k/k1!3, m<3/4,

~k1 /a!8~k/k1!3~k1h!4m23, 3/4<m<3/2,
~B2!

modulo numerical factors of order one. This coincides w
the result reported in Eq.~3.32!.

2. Massless axions

For massless axions, the seed spectral functions are d
mined by the integrals~3.46!, ~3.50!. The various terms ap
pearing in the integrands turn out to give comparable con
butions, so let us concentrate on the typical term

I 5
k3

a4 E d3pp2uk2pu2S1~p!S1~k2p!. ~B3!
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We distinguish different integration regions: 0,p,k, k
,p,h21, h21,p,keq , keq,p,k1 . The dominant inte-
gration regions depend on the value ofm but, for all m
<3/2, they always lie atp>h21.k. This is the reason why
we always obtain a white noise spectrum. On the other ha
the behavior inh depends on which region ofp dominates.
Specifically we find:

~1! For 3/4<m<3/2 the leading contribution toI comes
from p;h21, and gives the single term appearing in E
~3.47!.

~2! For m,3/4 the leading contribution comes either fro
p;k1 @giving the first term in the square brackets of E
~3.47!#, or ~for m very close to 3/4) fromp;h21 ~giving the
second term in the same brackets!.

3. Massive axions

For massive actions, the energy density spectrum is de
mined by Eq. ~3.61!, with 3/4,m<3/2. This integral is
dominated by the regionp;k, and its rough behavior can b
easily obtained this way. For a more precise evaluation
proceed as follows: the angular integration gives

k3u f ru2S M

a D 4

5
mH1

16p2z~m21! S k1

a D 6S k

k1
D 3

3E
0

1

dyy122m@~z2y!222m2~z1y!222m#.

~B4!

Defining t5y/z we obtain

k3u f ru2S M

a D 4

5
mH1

16p2~m21! S k1

a D 6S k

k1
D 3

3z324m~A2B! ~B5!
1-18
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where, after some manipulation@38#,

A5E
0

`

dtt122m@~12t !222m2~11t !222m#

5
24m24

Ap
G~222m!G~2m23/4!@cos 2p~m21!21#

~B6!

and

B5E
1/z

`

dtt122m@~12t !222m2~11t !222m#. ~B7!

By evaluating this second integral in the limitz→0, we ob-
tain

B;z4m23!A, ~B8!

so that

k3u f ru2S M

a D 4

5
mH1A

16p2~m21! S k1

a D 6S k

k1
D 624m

,

3/4,m,3/2, ~B9!

as reported in Eq.~3.62!. Note that there is no singularity fo
m51, as

lim
m→1

G~222m!

~m21!
@cos 2p~m21!21#

5
4p2

~m21!2 ~m21!25const. ~B10!

APPENDIX C: NON-RELATIVISTIC CORRECTIONS
TO THE AXION SPECTRUM

For a massive-axion perturbations, the string frame ac-
tion

S5
1

2 E d4xA2gef@~]ms!22m2s2#, ~C1!

in a conformally flat background, can be written in terms
the canonical variable

c5zs, z5aef/2, ~C2!

as

S5
1

2 E d3xdhF ċ22~] ic!21
z̈

z
c22m2a2c2G ~C3!

~the dot denotes differentiation with respect to the conform
time h!. The Fourier modesck satisfy the perturbation equa
tion

c̈k1S k22
z̈

z
1m2a2Dck50. ~C4!
04351
f
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We shall consider the background transition ath5h1
from an initial pre-big-bang phase in which the axion
massless, to a final radiation-dominated phase in which
dilaton freezes to its present value, and the axion acquir
small ~in string units! mass. Forh.h1 the solution of Eq.
~C4! depends on the kinematics of the pump fieldz and, after
normalization to an initial vacuum spectrum, it can be wr
ten in terms of the second-kindHankel functions@30# as:

ck~h!5h1/2Hm
~2!~kh!. ~C5!

In the radiation era,h.h1 , the ‘‘effective potential’’z̈/z is
vanishing, and the perturbation equation reduces to

c̈k1~k21a2h2!ck50, ~C6!

where we have put

m2a25a2h2, a5mH1a1
2 , ~C7!

using the time behavior of the scale factor,a;h.
Assuming that the mass term is negligible at the transit

scale,m!k/a, we can match the solution~C5! to the plane-
wave solution

ck5
1

Ak
@c1~k!e2 ikh1c2~k!eikh#, ~C8!

and obtain:

c656c~k!e6 ikh, uc~k!u;~k/k1!2m21/2. ~C9!

~We are neglecting, for simplicity, numerical factors of ord
1, which are not very significant in view of the many a
proximations performed. Their contribution will be include
into an overall numerical coefficient in front of the fina
spectrum.! In the relativistic regime, the amplified axion pe
turbation then takes the form:

s~k,h!5
c~k!

aAk
sin~kh!, ~C10!

used in Sec. III C for the massless-axion case.
In the radiation era the proper momentum is red-shif

with respect to the rest mass, and all axion modes ten
become non-relativistic. When the mass term is no lon
negligible, the general solution of Eq.~C6! can be written in
terms of parabolic cylinder functions@30#. For an approxi-
mate estimate of the axion field in the non-relativistic r
gime, however, it is convenient to distinguish two cases,
pending on whether a modek becomes non-relativistic insid
or outside the horizon. Defining askm the limiting comoving
frequency of a mode that becomes non-relativistic (km
5mam) at the time it re-enters the horizon (km5Hmam), we
find, in the radiation era,

km5k1S m

H1
D 1/2

. ~C11!

We will thus consider the two casesk@km andk!km .
1-19



s
ts

o

-

o

lic

tral

ree

we

we

the
the

DURRER, GASPERINI, SAKELLARIADOU, AND VENEZIANO PHYSICAL REVIEW D59 043511
In the first case, we rewrite the perturbation equation~C6!
as

d2ck

dx2 1S x2

4
2bDck50, x5h~2a!1/2, 2b5k2/2a,

~C12!

and we give the general solution in the form

c5AW~b,x!1BW~b,2x!, ~C13!

where W(b,x) are the Weber parabolic cylinder function
~see@30#, Chap. 19!. In order to fix the integration constan
A andB we shall match the solutions~C13! and~C10! in the
relativistic limit

k2

m2a2 5
k2

a2h2 5
24b

x2 @1. ~C14!

In this limit, as we are considering modes that become n
relativistic when they are already inside the horizon,

S k

km
D 2

;
k2

a
;~2b!@1, ~C15!

we can expand theW functions forb large withx moderate
@30#. Matching to the plane-wave solution~C10!, we obtain
A50, and

ck.
c~k!

a1/4 W~b,2x!. ~C16!

In the opposite, non-relativistic limitx2@u4bu, the expansion
of the Weber functions gives@30#

ck.
c~k!

~ah!1/2 sinS m

H D ~C17!

~we have usedx2/45mah/2;m/H). The corresponding ax
ion field is ~inside the horizon!

s~k,h!5
c~k!

aAma
sinS m

H D , k.km . ~C18!

Consider now the case of a mode that becomes n
relativistic when it is still outside the horizon,k!km . In this
case, we cannot use the largeubu expansion asubu,1, and it
is convenient to express the general solution of Eq.~C12! as

c5Ay1~b,x!1By2~b,x!, ~C19!
o

04351
n-

n-

wherey1 andy2 are the even and odd parts of the parabo
cylinder functions@30#. Matching to Eq.~C10!, in the rela-
tivistic limit x→0, givesA50 and

ck.c~k!S k

2a D 1/2

y2~b,x!. ~C20!

In the non-relativistic limitx2@ubu we use the relation@30#

y2;@W~b,x!2W~b,2x!#;
1

Ax
sin

x2

4
, ~C21!

which leads to

ck.
c~k!

~ah!1/2 S k2

a D 1/4

sinS m

H D . ~C22!

Using Eqs.~C15! and~C11! for k2/a, we finally arrive at the
non-relativistic axion field presented in Eq.~4.14!:

s~k,h!5
c~k!

aAma
S k

k1
D 1/2S H1

m D 1/4

sinS m

H D , k,km .

~C23!

For later use, it is also convenient to define the spec
energy density in critical units,Vs(v)5d(r/rc)/d ln v, as-
sociated with the stochastic axion background in the th
different regimes defined before.

For relativistic modes we find, from Eq.~C10!,

Vs~v!;g1
2S v

v1
D 322mS H1

H D 2S a1

a D 4

, m,v,v1 .

~C24!

For modes that becomes non-relativistic after re-entry
find, from Eq.~C18!,

Vs~v!;g1
2 m

H1
S v

v1
D 222mS H1

H D 2S a1

a D 3

, vm,v,m.

~C25!

For modes that becomes non-relativistic before re-entry
find, from Eq.~C23!,

Vs~v!;g1
2S m

H1
D 1/2S v

v1
D 322mS H1

H D 2S a1

a D 3

, v,vm .

~C26!

The last two spectral distributions are constant during
matter-dominated era, and the last one corresponds to
spectrum of the Bardeen potentials, as given in Eq.~3.63!.
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