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Pre-big-bang cosmology predicts tiny first-order dilaton and metric perturbations at very large scales. Here
we discuss the possibility that other, more copiously generated, perturbations may act, at second order, as
scalar seeds of large-scale structure and CMB anisotropies. We study, in particular, the cases of electromag-
netic and axionic seeds. We compute the stochastic fluctuations of their energy-momentum tensor and deter-
mine the resulting contributions to the multipole expansion of the temperature anisotropy. In the axion case it
is possible to obtain a flat or slightly tilted blue spectrum that fits present data consistently, both for massless
and for massivebut very lighy axions.[S0556-282(99)03102-1]

PACS numbes): 98.80.Cq

I. INTRODUCTION mogeneity spectrum is due, respectively, to vacuum fluctua-
tions of the electromagnetitEM) [11] and of the[Kalb-
String theory has recently motivated the study of a cosRamond(KR)] axion (AX) [12] field. Both cases are typical
mological scenario in which the universe, starting from theof string cosmology, since no inhomogeneity is produced, in
string perturbative vacuum, evolves through an early inflaeither case, in a conventional scenario based on Einstein’s
tionary “pre-big-bang” phasd1], until a transition to the equations, without axion and dilaton. The spectra of EM and

radiation-dominated, decelerated evolution occurs. AX perturbations can be much flatter than those of scalar and
In spite of some attractive aspects of the pre-big-bandensor perturbations of the metric and of the dilaton field.
picture, such as the underlying duality symmei2y, which The idea of using the EM fluctuations as seeds was al-

naturally selects perturbative initial conditions and automati+teady discussed in a previous pap&8], using however the
cally leads to inflation[1,3], it is fair to say that such a perfect fluid approximation for the EM stress tensor. Here we
cosmological scenario is far from being understood in all ofwill compute the scalar components of the energy-
its aspects. In particular, on the more theoretical side, one igiomentum-tensor fluctuations due to the EM and AX seeds
lacking a complete and consistent description of the highincluding an important anisotropic stress term, and will relate
curvature, strong coupling regime, where the transition fromthem to the primordial spectral energy distributions. When
the pre- to the post-big-bang era is expected to take pfHce these seed inhomogeneities are inserted in the perturbed Ein-
Furthermore, opinions var§3,5] as to whether or not the stein equations they generate scalar-metric fluctuations
pre-big-bang scenario needs a large amount of fine-tuningvhich are largely controlled, for seeds with small enough
On a more phenomenological side, the main outstandingnisotropic stresses, on super-horizon scales, by the so-called
problem is to reproduce the observed amplitude and slope @fompensation mechanisih4]. Finally, scalar-metric pertur-
the large-scale temperature anisotrgpyand of large-scale bations can be converted in a standard manner into tempera-
density perturbations. The difficulty is that, unlike in the ture fluctuationsAT/T via the Sachs-Wolfe effed¢il5]. We
more conventionalde Sitter-like inflationary picture, the will discuss whether the metric perturbation spectrum in-
amplification of scalar and tensor metric perturbations hereluced by seeds can be flat enough to match present observa-
leads to primordial spectra that grow with frequefi¢y; and  tions, consistently with the Cosmic Background Explorer
whose energy density is normalized to an almost criticalCOBE) normalization of the amplitude on large scales, and
value at some short scdl@] (typically the GH3z; in this way,  with the high-frequency normalization of the primordial seed
too little power is left at scales that are relevant for anisotro-spectrum.
pies in the cosmic microwave backgrou(@MB) [6] or to It should be stressed that, in our model, the axion is not to
the problem of large-scale structur@inless the high- be identified with dark matter. The KR axions are treated
curvature phase is long enough and characterized by an diere as “seeds,” i.e. as inhomogeneous perturbations of a
most constant dilaton fielt]). background which isnot axion-dominated, so that our

In this paper we address this problem and we discuss mechanism of anysotropy production is different from that of
possible solution, based on the contribution of “seefi80]  previous computation of isocurvature6] and adiabati¢17]
to density fluctuations and to the anisotropy of the CMBaxion perturbations.
radiation. The seeds are produced, in our context, by the The paper aims at being rather self-contained and read-
amplification of quantum fluctuations of some other fields,able by non-specialists in string and/or cosmological pertur-
which are present in string theory, but are not part of thebation theory, and is organized as follows. In Sec. Il we set
homogeneous background whose perturbations we wish tap the relevant equations needed to study super-horizon per-
study. turbations in the presence of seeds, and give their generic

We shall consider two examples, in which the seed inhosolution for seeds with “small” or “large” anisotropic
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stresses. We also discuss the way the perturbations enter the h(k)=h,,,(k)dx*dx”
multipole expansion oAT/T via the Sachs-Wolfe effect. In
Sec. lll, after recalling known results about scalar, tensor,
electromagnetic and axion perturbations in the pre-big-bang
scenario, we estimate the contribution of the two latter
sources to the fluctuations of the energy-momentum tensor,
including the case of massive axions. In Sec. IV we combine
the results of the previous two sections and compute the
contribution of EM and A_X seeds tQT/T. Using COBE —2k—'iz(—jHT(k)dx'dxj. 2.3

data, we finally discuss, in the various cases, whether the k

seed mechanism alone is able to give a satisfactory explana- , )

tion of large-scale temperature anisotropies. Section V con!N€se four functions are gauge-dependent, i.e., they depend

tains our conclusions. Some technical details are relegated f§! the choice of coordinates. In order to define gauge-
the three Appendixes. independent metric variables, we first make use of two geo-

Notation. The Friedmann metric is given bg?(—d7? metric quantities: t_he spatial part of the scalar curvature of
+y;dx'dx'), wherea denotes the scale factor amds con- the perturbed metncil}ssmd the shedtracelesspart of the
formal time. Spatial indices, 1,2,3 are denoted by latin letter§Xtrinsic curvaturei (3"'*9. An elementary calculation gives
while spacetime indices, 0,1,2,3 are denoted by greek letter: 18
A dot denotes derivative with respect tp

=—2A(k)(d7n)?>—2i %B(k)dndxi

+2

1 A
HL(k)+§HT(k)}5|jdx'dX‘

1

dR=4K*a *R, R=H_+ 3

Ho, (2.4

Il. LARGE-SCALE PERTURBATIONS IN THE PRESENCE
OF SEEDS ; kiki 1 .
Ki(f‘“'SO):ak(—I'(T'— 55”-)0, o=Hr/k—B.
Before calculating CMB anisotropies for specific ex-

amples in the context of string cosmology, we derive a gen- 2.9

eral formula for large-scale CMB anisotropies in modelsstydying the gauge transformation propertiesAgfR, and

with seed perturbations. o, one easily finds that the following variables, called the
(Fourier components of theBardeen potentials, are gauge

A. Cosmological perturbation theory with seeds invariant (see[19,20):

In this subsection we give a brief reminder of gauge- d=R—(ala)k o, (2.6
invariant perturbation theory with seeds. More details can be . . .
found in Refs.[10, 18. By seeds we mean an inhomoge- VY=A-(ala)k “o—k 0. 2.7

neously distributed form of energy, which contributes only a Note that. th hout thi hall al
small fraction to the total energy density of the universe and/NOt€ that, throughout this paper, we shall always express

can thus be considered as a perturbation. Furthermore, WB€ Bardeen potentials in momentum space, even without

consider seeds that interact only gravitationally with the coslndic"’Iting theirk' dependence explicitl)(.
Next, we discuss the perturbations of the energy-

mic fluid. _ .
We restrict our discussion to scalar perturbations, Whicﬁf}gén”)entum tensor. Let us define the perturbed energy density
are of primary interest here. The corresponding equations fof,~ and 4-velocity fieldu as the time-like eigenvalue and

vector and tensor perturbations can be found1g]. The €igenvector of the energy-momentum tensor:
metric of a perturbed Friedmann universe is T, k= _pleeriyr 2= 1, 2.9

—q0 4 52
9pur=Gur Ty, 21 The Fourier components of the perturbations in the density

and velocity field are determined by

whereg(® denotes the unperturbed metric (Per_ (14 8) 2.9
pPe=p : :

Odxtdx’=aZ(n)(—dp?+ y;dxdx). (2.2 ul kI
g,,ax7ax a“(n)( 7°T ;40X x)) (2.2 UOZ(l—A), m:_iFvy (2.10

Herea is the scale factory denotes confolmal time ang  \yhere , denotes the unperturbed background density. The
represents a metric of constant curvatiire =1,0. Since We  tomnoral component® is fixed by the normalization condi-

will be interested in a Friedmann universe that has undergy,"\we project the stress tensor onto the 3-space orthogonal

gone substantial inflation, we negld€tin the sequel, setting tou:

Yij = 6 -
For scalar perturbations, a Fourier componertt gf with r =PPP °T P,=9,,+u,u (2.11
. . nv Mmoo po y72% uv A A
wave vectork can be parametrized by 4 scalar functigas
B, H, andH+, defined by and define the scalar perturbations7dfy
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kik!
KT

il=p . (212

1 .
1+7T|_+ §7TT> 5iJ_

The variabler describes the pressure perturbatiat, is
the potential of the anisotropic stresses gni the unper-

turbed background pressure. Studying the behavior of the pD= z p.D

quantitiess, v, 7 andw under gauge transformatiofal],
one finds the gauge-invariant variables:

M=mr, I=m —(c3w)s, V=v—k Hr,

D=6+3(1+w)(a/a)k {(V+o), Dg=5+3(1+W)R.

(2.13

Here Il is the anisotropic stress potentidl,is the entropy
perturbation,V is the peculiar velocity potentiaD andD,
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other components of the cosmic fluid only gravitationally.

The variablex, andw, denote the adiabatic speed of sound

and the enthalpy of the fluid component, respectively. The
total perturbations are defined as the sums:

ar (p+p)V:§ (Pa‘l‘pa)Va, etc.
(2.20

For interacting matter, the corresponding equations can be
found in[20].

In order to complete the above analysis we also need
equations of state for the matter sources, which relate for
instancel” andIl to D andV. Due to the Bianchi identities,
the conservation equations for the total cosmic fluid follow
from the field equation$2.14—(2.17). Thus, we need not

are different choices for a gauge-invariant density perturbamake explicit use of both dynamical equations, but we can
tion variable(for a physical interpretation of these variables, use, say, Eq(2.16 and one of the conservation equations

see[20,21)). Finally, w=p/p denotes the enthalpy arf

(2.18), (2.19 for the total fluid.

=plp stands for the adiabatic speed of sound. In this paper We now add to the perturbation equations an inhomoge-

we shall limit ourselves to adiabatic perturbatiohs<0).

neous energy-momentum distributio';), generated by

The perturbation of Einstein’s equations and of energy-seed fields that do not interact with the cosmic fluid other
momentum conservation can be expressed in terms of theslean gravitationally.

gauge-invariant variablega derivation can be found in

[20,21]). We obtain two constraint equations,

A7GalpD=Kk>®, (2.19
47Ga2(p+p)V=K[(a/a)¥ —P],
(2.15
two dynamical equations,
—8mwGa’pll=k*(®+V), (2.16
8mGa’p[I'+ (ci/w)Dy+ (2/3)k%I]
o[t
= — \II_ a -
a
a\ a\? ES N
bl vl +3 - v —a — |;
a a a
(2.17
and two conservation equations:
D,—3w,(a/a)D,
=—k[(1+w,)V, +2(ala)wk I,]
+3(1+w,)4mGa%(p+p)(V-V,), (2.18
V,+(ala)V,= - KD, + —2_yr
o (al2) *1+w, ¢ 1+w, ¢
k¥ 2Wa KIT 2.1
T sy e 219

The above conservation equations hold for any composaent
of the fluid stress-energy tensor which interacts with the 3 3

Since, by definition, seeds do not contribute as sources of
the homogeneous background, the energy-momentum tensor
T¢) is gauge-invariant by itsefl22], and can be calculated
by solving the field equations for the seeds in the unper-
turbed background geometry. Let us assume that we can ex-
press the Fourier componentsb(,f,), in terms of four scalar
“seed-functions”f,, f,, f, andf, (we just neglect vector
and tensor contributions; since they are decoupled from den-
sity perturbations, in the linear approximation, this will not
affect our results for scalar perturbatigns

Too (k, ) =a%p9=M2?f (k,7), (2.21)
k.
TSk, )= - ifazv@:—iMzkjf,}(k,n), (2.22
1 kik;
Tk, p)=a | p®+ 3 H(S)) YiT 2 H(S)}

2

:MZ[(fp(k,nH Efw(k,n)) Yij _kikjfw(k,ﬂ)}.

(2.23

Note thatf , andf, have dimensioh™ 2, while f, has dimen-
sion| 1 andf |s dimensionless. HerM denotes an arbi-
trary mass scale, introduced for dimensional reasons, which
will eventually drop out in physical predictions.

Given an energy-momentum tensgy, , which in general
contains vector and tensor contributions, the scalar garts
andf . are determined by the identities:

iKITE =M2k2f,

o1 2
—TPKK + k2T = 2 MK (2.29
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On the other hand,, andf ; are related td , andf,, by the r )
conservation equatior&*T()=0: ¢= 3(1+w) Dg+ EVﬁL o1t w) (kn)“@s,
. (2.35
f,+k*f,+(a/a)(f,+3f,) =0, (2.25
wherer =1 for the radiation-dominated era, and 2 for the
fv_l_z(a/a)fv_ fp+(2/3)k2fﬂ-:0- (226) matter-dominated era.

The evolution equation forDy, Eqg. (2.33, implies
In the presence of seeds, and in the approximation iflDg/d(k7)=—(1+w)V. Inthe physical picture we have in
which perturbations are treated linearly, the total geometriénind, metric perturbations are triggered by the presence of
perturbations can be separated into a part induced by tHike seeds alone, and we do not want to include an arbitrary
seeds¥,,d, and a part induced by the perturbations of thecontribution from the p(_arturbations of .the _homogeneous
cosmic fluid, ¥,,®,,. The perturbed Einstein’s equations sources. We thus requir®,(0)=0, which implies D4

(2.14 and(2.16 become ~knV. Hence, we may neglect tti-term in Eq.(2.35 for
kn<1l.
qu):47TGpa2D+5[fp+ 3(ala)f,], (2.27 Combining Eqs(2.35, (2.34), (2.28 we find, on super-
horizon scales,
& +V=—-87Ga’k 2pll—2ef,, 2.2
T o o \If—dv+rv+ d k7)2®
wheree=47GM?. If we define T d(kn)  ky o 3ri(1+w) (kn)*®s
2
V=¥ +¥, O=0+P, (2.29 2(k) (2.36

m(Zefﬂ—F‘If—HD).

with:
The two equation$2.35 and(2.36) relate the three vari-
k2P = e[f,+3(ala)f,], Ps+We=—2ef,, (2.30 ables¥, ® andV once the seeds are given. To proceed, we
need an equation of state to close the system. For single
we easily find component fluids this equation usually takes the fdim
_ =II(Dy,V). We are interested in large-scale CMB anisotro-
a pies, which are induced at recombination and later, when the
5) kK 3(1+W)¢}' universe is already matter-dominated, wjgk¢p. Thus, in
(2.3)) what follows, we will consider the cadé= 0, which implies

®,=47Gpa’k % Dy+3(1+w)

V= —®,,—87Ga’pllk 2. (2.32 O+W¥=—2ef . (2.37)

Furthermore, in a matter-dominated Friedmann universe,
=2 andw=0. The equation of motion fo¥, obtained by
combining Egs(2.35, (2.36), (2.37), then reads

Equation (2.31) has been written in terms of the gauge-
invariant density perturbatioD, because this choice will
simplify our final equations. Physicallyp, corresponds to

the density perturbation in the flat slicing. The evolution of dv 4 1
Dy andV is described by the conservation equati¢2<8) ———+ —V=—— (ky)?®—2¢f
and(2.19, which read explicitly: d(kn) k7¢ 18
. 1
. a =— 2 : _
Dy 3(c—w) —Dg=—(1+W)kV, (2.33 1g7 ellpt3@at,]-2ef,.
(2.38
. a
V+ 5(1—3c§)vzk(\lr—3c§q>) In the next subsection, we shall see that the large-scale

anisotropies of the CMB are determined by the combination
¥ —®. Using Eqgs.(2.35), (2.37 and(2.38), we find, imme-
II. diately,

c? 2w

I WP 3w K

dv 1
(2.34 Vb= gros g e, F3@a)]. (239
To simplify the analysis, we will assumew=c§
=constant. The unperturbed background equations are thdiodulo numbers of order unity, which can be computed case
solved byax ", with r=2/(3w+1). Since we are inter- by case, we finally arrive at the estimates

ested in very large scale perturbations in the cosmic micro-

wave background, we concentrate our discussion on super- W dv _ lw maxt ef  en?| f +3§f
horizon scales, such thkty<1. Equationg2.31) and(2.29 d(knp) kn ANCARVARSALI S
then lead to (2.40
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Depending on whether;z(fp+3(a/a)fv) or f_ dominates whereu; andu; are the four-velocities of the observer and
in Eqg. (2.40, we can distinguish between seeds with smallemitter respectively, and the factdf/T; is the usualunper-
and large anisotropic stresses. We will discuss in Sec. Il taurbed redshift, which relatea andn. The velocity field of

which case our string-cosmology seeds belong. observer and emitter is given by
If the term en?(f,+3(a/a)f,)=x?®5 dominates, we i
conclude from Eqs(2.38),(2.39 that u=(1-A)d,+v's;. (2.4
B~T~(kp)2D~ (k)2 W <D ~T,, (2.4]) An observer measuring a temperatiigereceives photons

that were emitted at the timey.. of decoupling of matter

on super-horizon scales. This suppression of the total gec?—nd radlgtlon, at the f|xgd temperatuT_@ec. In ﬂrst-order
metric perturbations, if compared with the source perturbaperturbanon theory, we find the following relation between

tions alone, is known under the name of “compensation”the unperturbed temperaturgs,T;, the measurable tem-
[14]. The conservation equatiol2.18), (2.19 show that the peraturesTo, Tgec, and the photon density perturbation:

resence of seeds induces matter perturbations that try to

P auc P y T T STy OT\ T 1
compensate the gravitational potential of the seeds. Since —= ——t — = 1— =671,
anisotropic stresses in the seeds cannot be compensated by a Ti Tdec Te T Tdec 4

perfect fluid, compensation is not effective, if anisotropic (2.48
stresses dominate. But, as shown h@ee alsq 14]), the
phenomenon of compensation is quite generic and, to a lar
extent, independent of the spectrum of seed fluctuations.

where 5) is the intrinsic density perturbation in the radia-
Yfon and we use”=T* in the last equality. Inserting the
above equation and E{.45 into Eq.(2.46), and using Eq.

(2.3 for the definition ofh,,,, one finds, after integration by

B. The seed contribution to CMB anisotropies parts[18]: o
In this subsection we calculate the CMB anisotropies for f
. . . Eir To 1 .

models where perturbations are induced by seeds, and their — = 1— _Dgw>+\/}m>n1+\p_q)
contribution toAT/T via the Sachs-Wolfe effedtl5]. We B Tgec 4 i
first discuss in general the motion of photons in a perturbed ;
Friedmann universe. _ ' +j (\P—db)d)\ _ (2.49

We make use of the fact that the equations of motion of [
photons are conformally invariant. More precisely, two met-
rics that are conformally equivalent, Here Dgy) denotes the density perturbation in the radiation

) fluid, andV(™ is the peculiar velocity of the baryonic matter
ds’=a%ds?, (242 componentthe emitter and observer of radiatjoiThe final

) ) ) ~ time values in the square bracket of E2.49 give rise only
have the same light-like geodesics, only the correspondingy monopole contributions and to the dipole due to our mo-
affine parameters are different. Let us denote the two affingon with respect to the CMB, and will be neglected in what
parameters by and\ respectively, and the tangent vectors follows.

to the geodesic by Evaluating Eq.(2.49 at final time 7, (today and initial
time 4o, We obtain the temperature difference of photons
dx dx coming from different directions andn’
n=—, n=—, n?=n2=0, n%=1, n?=1.
dx dn AT &8T(n) &T(n')
(2.43 T =T "1 (250
Settingn®=1+ 6n°, the geodesic equation for the perturbedwith temperature perturbation
metric
ST 116, yim
ds?=(,,+h,,)dx“dx" (2.44) T =|zPd Vi W+ V=@ (ngeciXged
. ) - -
yields, to first order, +J’ (0 — &) (.x( 7). (2.50

Tdec

. 1 (f.
8n°|{=[hoo+ho;n 1 - > Jl h,,n“n"d\. (249 wherex(#5)=Xxo— (70— 7)n is the unperturbed photon posi-
tion at time » for an observer aty, andXyec=X(74ed- The

On the other hand, the ratio of the energy of a photon meaﬂrst term in Eq.(2.51) describes the intrinsic inhomogene-

sured by some observer ttto the eneray emitted af is ities on the surface of the last scattering, due to acoustic
y q 9y ' oscillations prior to decoupling. In general, it also contains

E. (mu), T (n-u contributions to the geometrical perturbations. This is espe-
ot W T (n-u r (2.4¢ cially important in the case of adiabatic inflationary models
Ei (n-u)p T (n-u) [23]. However, for perturbations induced by seeds, which
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satisfy the initial conditiorD 4(k, 7)— 0 for »—0, the geo- The angular power spectrum of CMB anisotropies is ex-
metrical contributions tdy can be neglected. The second pressed in terms of the dimensionless coeffici€htswhich
term describes the relative motions of emitter and observeappear in the expansion of the angular correlation function in
This is the Doppler contribution to the CMB anisotropies. Itterms of the Legendre polynomial :

appears on the same angular scales as the acoustic term, and

we thus call the sum of the acoustic and Doppler contribu- <ﬂ(n)§(n’)>
tions “acoustic peaks.” T T

-n' = 3
The last two terms are due to the inhomogeneities in the L (nen'=cos )
spacetime geometry; the first contribution determines the _ T
change in the photon energy due to the difference of the A Z (21+1)CiPi(cos D). (252

gravitational potential at the position of emitter and observer.

Together with the part contained B{" they represent the Here the bracke;ts denote spa;ial average, or expectation val-

“ordinary” Sachs-Wolfe effect. The second term accountsUes if perturbations are quantized.

for red-shift or blue-shift caused by the time dependence of T0 determine th&C, we Fourier-transform E¢2.51), de-

the gravitational field along the path of the photon, and repfining

resents the so-called Integrated Sachs-WAlgW) effect. 1

The sum of the two terms is the full Sachs-Wolfe contribu- — ik-xq3

tion (SW). e(k) N quo(x)e d°x, (2.53
On angular scales 0.£0=<2°, the main contribution to ) ) )

the CMB anisotropies comes from the acoustic peaks, whil@nd using the identity

the SW effect is dominant on large angular scales. On scales

smaller than about 0.1°, the anisotropies are damped by the eZcs9=>" (21+1)i'j,(z)P,(cos 9) (2.59

finite thickness of the recombination shell, as well as by !

photon diffusion during recombinatid@ilk damping. Bary- (wherej, is the spherical Bessel function of order For the

ons and phot_ons are very tightly coupled .bEfore.recombmaéoefficientsc, of Eq. (2.52 we obtain
tion, and oscillate as a one-component fluid. During the pro-

cess of decoupling, photons slowly diffuse out of over-dense 2 (JA,(k)|?) )

regions into under-dense ones. To fully account for this pro- 1= Wk dk, (2.59
cess, one has to solve the Boltzmann equation for the pho-

tons(see, e.g[18]). where

A 1 .
5 =i (ko) ZDg”(k,ndeaﬂ\lf—cbxk,ndea}—j.’(km)vr(k,ndewf"" (¥ = @) (k, 7")ji(kyo—kn")d7’

Tdec

1 0
= D4 e i (kmo)— §{ (kmo)Ve (s e+ | (U= @) (kmo—kon' ) (259

Tdec

andj, stands for the derivative gf with respect to its argument. On large angular scddeg.<1 (which corresponds to
|<100), the SW contribution dominates:

SW 2 4 0 ., 2
Cii=— | kidk (W =®)(k,7)ji(kno—kn)dn| ). (2.57
Ndec
|
Let us approximate the Bardeen potentials on super- C(k)(knp)?, kn<l,
horizon scales by a power-law spectrum: - %[C(k), k> 1. (2.59

(| —®|%)=C2(k)(kp)?. (2.58

Furthermore, we consider models where the seed contrib
tion does not grow in time on sub-horizon scales. In this cas
the Bardeen potentials, inside the horizon, are dominated by

the cold dark matter contribution, which leads to time- Nk ¥k, k=<k
independen® andW¥. We can thus approximate the Bardeen C(k) :{ (kTky)®, kskq, (2.60
potentials by 0, k>kq,

Ne further assume that al€i(k) is given by a simple power
aw. Thus, for dimensional reasons, it has the form
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where N is a dimensionless constant, akgd denotes a co- (if a> 1, the integral grows towards largeand is dominated
moving cutoff scale, i.e., the maximal amplified frequencyby the contributions ak~k;, leading to an I-independent
determined by the explicit mechanism of seed produdion result of order 7k, 7,)?). Comparing the above equation
the casea=0 no cutoff is needed Inserting this in Eq. with the standard inflationary resu4],

(2.57),
2 (k dk [ k2« SwW I'(l-1/2+n/2)
CPW= N2 f — =] 1K) (2.60) Cr (I +5/2—n/2)’ (2.66
T 0 k k1
where, settingk=Kn, Xo=K7q, Xqec=Kndec: wheren denotes the usual spectral index, we find thas

L . related ton by a«=(n—1)/2. The scale-invariant spectrum,
I(k):f dxx’j /(XO_X)JFJ dej’(xo—x) (2.62) as it has been observed by the DMR experiment aboard the
! 1 ! COBE satellite] 25], requires

Xdec

1
= dxx?j{ (Xo—X) +i(Xo—1). (2.63 0.9<n=<15 (2.67

Xdec

We can see explicitly from this equation that the relevantSO that, within - error bars, the COBE observations imply
contribution of each mode to the CMB anisotropy comes
while the mode is still outside the horizok4<1). We now —-0.05sa=<0.25, y>-—1. (2.68
distinguish two cases.

If y>—1 the lower bound in Eq(2.63 can be safely
extended to 0, and the integral is dominated by the regio
kn~1, so that

Consider now the second case;i+1=<0. The integral
r82.63 is now dominated by its value at the lower boundary

and we get
(K)~1(Xo=Xded ~1(X0), Xdec<1<Xo. (2.64
1 |
Inserting this in Eq.(2.61), the integral can be performed [1(k)|2~ Wxggyﬂ STrpli-1%0)
exactly (assumingnok,>1), with the result, fora<1, Y
I+1 2
[(2-2a) =
SW_ pr2 ~2a Ji+1(Xo) | - (2.69
C| N (kl770) 4(1—a)F(3/2_ a) 2| + 1
I'(l+a) If also a+ y<0, thek-integral converges and we obtdsee
X, a<l1 (2.65 .
rf+2—-a)’ Appendix A
|
osw N? F'(—2(a+7) | 7gec 27V . L P(+1l+aty) 1
b 22@ I (y+1)2 T (12— (a+ 7))\ 79 (kam0) S F 1= a—y) @+ 172
12(1—a— 2114+ 1)(1/2+ a+ I+1)%(1+ 1+ a+
(I-a 7)+ (I+1)( a 7)+( )( a 7)_ 2.70
[+a+y (12— a—1vy) (I+1-a—1vy)
|
Comparing again this last result with that of standard infla- The observational limits on thus impose
tion, Eq. (2.66, and neglecting the weakdependence of
(214+1)"?[---] in Eq. (2.70, we obtain —0.05<y+1+a<0.25, y=<-1, n=3+2(atvy)
(2.72

n~3+2(a+7y), a+y<O. (2.71
and

(If, on the contrary,a+ y>0, the coefficientC, are domi-
nated by the largé (i.e. small-scalgcontribution, even for —0.05<a<0.25, >—1, n=1+2a. (2.73
the very low values of. In this case the small-scale pertur-
bations become too large, which is excluded observationallyn the following sections we will apply these findings to
by the fact that the spectrum, for CMB and matter perturbaelectromagnetic and axionic seeds produced in string cos-
tions, must be close to the Harrison-Zel'dovich spectrummology. In the axions case we will discuss separately mass-
[26].) less and massive perturbations.
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Ill. SEEDS FROM STRING COSMOLOGY

; p
it | K= 5| 1=0, (35

In this section we compute the seed functidpsf, ,f,
and we estimate the Bardeen potentials for electromagnetignerep( ;) is the pump field, obtained for each case from
_and axion perturbations, including the case of massive aXEq. (3.4) as
ions.

PT=pPSP=a.; PEM=e ¢2 PpAX=a,. (3.9
A. Amplification of quantum fluctuations
. . At the beginning of the inflationary era, characterized by

We start by recalling the form of thestring-frame low- 5, 5ccelerated evolution of the pump field, every perturba-
energy string effective actiof27]: tion is well inside the horizon and E¢3.5 has oscillating

solutions, which can be consistently normalized to a vacuum

Ffff=f d®xy|gle | R+g*"d, 43, fluctuation spectrum. During the whole pre-big bang phase

the general solution can be written in terms of Hankel func-

1 1 tions[30], with a Bessel index determined by the power that

- ng“PgV”g“BHMmegﬁ— Zg“”gP‘TFMFW , charactenzes'the bapkgrounq evoluti@m conformal tlme)
of the pump field. This behavior has to be matched with the
(3. one after the pre-big-bang phase when, as we assume, the

universe becomes radiation-dominated and the dilaton

where we have included the antisymmetric tensby,., freezes to its present value. In all four cases this implies a

=d;,B,4 and theU(1) gauge field=,,=d;,A,; . Note that  free Klein-Gordon equation for the canonical variable after

this gauge field is typical of what emerges from heteroticthe period of accelerated evolution. By matching the pre-big-

string compactification. For gauge fields originatingla ~ pang and radiation solutions of the perturbation equations,

Kaluza-Klein, the action and the spectra are somewhat difye eventually obtain the final amplified perturbations during
ferent, as discussed [128]. the radiation era.

Upon compactification down to four dimensions, and after For T and SD perturbations the time evolution of the
introduction of the axion fieldr by the duality transforma-  background leads to a spectrum that is in general too steep
tion: [7] (see also[31]) to be expected to give any significant

wva— e b pvaB contribution to very large scale structures, or to temperature
HE™=e Te g0, (3.2 anisotropies on the COBE scale. The only way to achieve a
reasonable contribution would be to have a very long string
phase with an almost constant dilatf®], which is not ex-
cluded, in principle, either theoretically or phenomenologi-
R+9“"d,¢4d,¢ cally, but which looks somewhat unlikely, from both points
of view.

one easily arrives at the dimensionally reduced action:

ISi= f d*x\[gle™*

1 1 For EM perturbations, however, the situation seems to be

- §e2¢g“”aMaaVcr— 29""9"Fu,F e |. (3.3 more interesting. Consider in fact the transition from a pre-
big-bang phase, with growing dilatorp& — 28 log| 7)), to

the standard radiation-dominated phase wdth const, and

netic (EM) and axion(AX) perturbations is conveniently call_nl the transition time scale. The _electromagnetic qut_:-

performed defining the external “pump field,” responsible tuations are directly coupleq to.the dilaton paquround, in

for their amplification. To this aim, we first identify for each SUCh @ way that each polarization mogg satisfies at all

perturbation the canonical variabled, which diagonalize ~fimes, in momentum space and in the radiation gauge, the

the perturbed action expanded up to second of@@k In a  €volution equation:

purely metric-dilaton background, such variables are easily

The study of tenso(T), scalar-dilatonSD), electromag-

y 2_ B2 a—Bl2ye0 ) —
found from Eq.(3.3) to be it [k*—e” (e )] =0. 3.7
yT=ae ¥?hTT=a.h™T, ySP=ae #2¢+ --- In the pre-big-bang phase, the general solution of this equa-
B ' tion, normalized to a vacuum fluctuation spectrum, can be
YM=e A yA=aet2r=a,. (3.4 written in terms of Hankel functions of the second kind as:
. 1
Hereh'" denotes the transverse-traceless part of the metric b= Wlleif)(|k77|), w=|B— 5” 7<m.. (3.9

perturbations, the dots in the equation ft° represent the
additional scalar-metric terms needed to reproduce th
gauge-invariant scalar perturbatif29], ag is the scale fac-
tor in the Einstein frame, andl, in the axion framg12]. By
varying the perturbed action, we find that the Fourier modes 1

() of each of these four perturbations satisfy decoupled, ho=—[c. (ke k7+c_(k)ek7], p>5,. (3.9
linear equations of the type: Jk

Fn the radiation era we have instead the free plane-wave so-
lution,
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By matching the two solutions at the transition time we  tained by amplifying the quantum EM fluctuations of the
easily obtain, folk#n,|<1 and 5> 7,, vacuum, as discussed in the previous subsection. However,
independently of the production mechanism, the results of
_ ik _ ) this section can be applied to any EM fluctuation background
c.==c(ke=™", wk_W sink| 7= 7], parametrized by a vector potential that, in momentum space
and in the radiation gauge, takes the form
|le(k)|=(k/ky) "+~ 2, (3.10 o
C.
where k;=1/|7;| represents the maximal amplified fre- Ai(k,p)= I(T sinkn, kiAj=0, Ay=0. (3.13
guency(higher-frequency modes are unaffected by the back-
ground transition The associated energy-density distribu-

fion of the produced photons is theml]: A, is a Gaussian random variable which obeys the stochastic

average condition:

dp(k) [k}’ LA k)“*‘ 3 K
diogk~\a) IS-OP=13) (i) <Ai(k)AT(k’)>:(2:) 68(k_kl)<5ii_k7|<|:’])
k<ky, u<3/2,(3.11) X |Ak, 7). (3.19

where . <3/2 to avoid photon overproduction which would e ah6ve condition has been normalized in such a way that
destroy the homogeneity of the classical background, and

where the amplitude(k) has been estimated modulo nu-
merical factors of order 1. At large timeg>|7,| we thus > (AKAF (k)= (2m)38%(k—k')| Ak, 7)|2.
obtain, in string cosmology, a cosmic background of electro-
magnetic fluctuations that, for a long enough pre-big-bang
phase withB=<2, are characterized by a rather flat spectrum,

and could provide the long-sought origin of the galactic mag,chastic background is rapidly dissipated, because of the

netic fie'lds[ll]. The amplified fluctuations satis_fy stochastic conductivity of the cosmic plasni2], the seed stress tensor
correlation functions, as a consequence of their quantum Origay e expressed in terms of the magnetic field only. Setting

(3.19

Taking into account that the electric component of the

e Bi(k)=i€jj kA (k), th ition(3.14) impli
Correspondingly, if we consider axionic perturbations, we i(k)=ieijkA(k), the condition(3.14) implies
are led to the canonical equation (2m)? ok
b+ | K= —A) =0, 3.1
" ol o X[B(k,m)[?, (3.16

very similar to Eq.(3.7). The same procedure as in the elec-\ynere

tromagnetic case then leads to the spectfBm1) with u

=|r|, wherer parametrizes the three-dimensional axion IB(k, 7)|2=K2|A(K, 7)|2=K|c(k)|%sir’k . (3.17)
scale factor asiz(7)~ 7' Y2 Forr=—23/2, in particular,

the axion metric describes a de Sitter inflationary expansionn a process of photon production, the coeffici¢e(k)|?
and the energy density of a massless axion background hagépresents the Bogoliubov coefficidi9] fixing the average

flat spectral distributiondp/d log k=(k, /a)*, as first noted photon number densityn(k)), and is linked to the spectral
in [12]. The value ofr depends on the number and on theenergy distribution by

kinematics of the internal dimensions, and the vatug/2

can be obtained, in particular, for a ten-dimensional back- dp(k)

ground with special symmetri¢28]. d log k =
In the axion case, however, the low frequency tail of the

spectrum is further affected by the radiatiematter transi- | what follows we shall use fofc(k)|2 a power-law spec-

tion, as the axion pump field, is not a constanunlike the  yym, characterized by a cut-off frequenky,
dilaton) in the matter-dominated era, wheag=ax »°. This

has important consequences that will be discussed in detail in (kiky) 2471 k=<ky, w<3/2,

Sec. Il C. |c(k)|2=[ ok (3.19
After these preliminary observations we shall now esti- 0, =K.

mate the form of the seed functions for both EM and AX

seeds.

k

a

ek

k

a

*(n(k) _

7T2

This reproduces in particular the spectral distributidri 1),
where u is fixed by the dilaton growth rate.

We shall now compute the two-point correlation func-
tions, for the various components of the inhomogeneous
Here we determine the spectral components of the inhostress tensof |, associated with the electromagnetic back-

mogeneous stress tensor, for a stochastic background ofround:

B. Electromagnetic seeds

043511-9



DURRER, GASPERINI, SAKELLARIADOU, AND VENEZIANO PHYSICAL REVIEW D59 043511

£, X ) =(Tr()TH(X ) =(TLX)NTH(x")) and using Eq(3.16, we find that the first term in the above
(3.20 equation is exactly cancelled by the quadratic averages
(BY)(B?), while the other two terms giveno sum ovei, j):

(no sum oven,v, and the angular brackets denote stochastic

average The Fourier transform of is related to the scalar AB(xx )_ d*k d° &% 3 B(p)|?
seed functions ,,f, ,f ., defined in the previous section. For (277) (277)3 P
&3 we have, for instance,
2 p pj
X[B(k=p)I* &= =
0 ' ik-(x—x' 2
So(X,X") = J’ ﬁ e (k]2 (3.2 (k—p)i(k—p);
X 5”_—|k—p|2 , (3.27

For E;=0, in particular, we have to compute the correla- _
tion of a sum of terms that are quadratic in the magneticWhereA}<=X—X’. By summing over the vector components
field. We start considering the energy-density correlatiorive obtain
function,

AB(x,x")= Z AB(x.X")
: : 8|
fg(X,X ):<P(X)P(X )>_(<p(X)>)2, p——Tg 8 a4v 1 d3k d3p

(3.22 ~2 ) 2men)?d

lp-(k—p)|?
= @28

e’ B(p)|?|B(k—p)|?

and compute

B "N _/Rp2 20\ _/Rp2 2
Aj(x,x")=(Bf(x)Bf(x"))—(B{}Bj)  (3.23 According to Eq.(3.21), the energy-density spectrum of the
electromagnetic seeds is thus determined by

where, using the stochastic avera@l16 and the reality

conditionB* (k) =B(—k), 2 M 4_ 1 d°p
03] = 2w | @
) 1 d . K
(B (X)>:§J W|B(k)| -z (324 X |c(p)|3c(k—p)|?p|k—p|
X (14 coga)sirpysirt|k—p| 7,

In momentum space, the two-point correlation function for

the energy density can be written as a four-point correlation (3.29
function for the stochastic fieldsee alsd33]). We have, in

particular, where « is the angle betweep and k—p. Inserting the

power spectruni3.19, and definingy=p/k,, z=k/k;, the

<Bi2(x)Bj2(x’)) above integral can be written, in polar coordinates, as

M 4 5
d®k  d3k’ d3p d3q ek ) If |2 ~ ﬁ y2 2u
(2m)? (2m)® (2m)? (2m)® © " la 2(8ma*)?*(2m) f
1
X(Bj(p)Bi(k—p)B;(q)Bj(k'—q)).  (3.29 xf_ldxﬁ—Zu(1+C0§a)

Decomposing the four-point bracket of the Gaussian vari- X sire(ykyp)sir’(Bkan), (330

ablesB; as where we defined = cos ¥, 9 being the angle betwegnand
k, and

(Bi(p)Bi(k—p))(B;j(a)Bj(k"—q))
+(Bi(p)Bj(a))(Bi(k—p)Bj(k"—q))

+(Bi(p)B;(k’ —a))(Bi(k—p)B;(q)),

B2=lz-y|*=y*+2°-2xyz,
coSa= B (y?*+x222—2xy2). (3.31)

The integral of EQ.(3.30 will be evaluated for|kz|
(3.26  =|zkn|<1, since we are interested in the large-scale sector
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of the CMB anisotropy, namely in the spectrum of all modes(3.11), we find that the dominant contribution comes from
that are still outside the horizon at the time of decoupling.pn>1 if u<3/4. If 3/4<u<3/2, the integral is dominated
For EM seeds these modes give the dominant contribution tfrom its contribution ap~k, thuspn<1 on super-horizon
the SW effect, as we will see in Sec. IV. Estimating thescales. In both cases we obtain fgra white noise spectrum,
contributions to the integral from the regiomsy<<1, pn i.e.|fp(k)|2~constant, but in the second case there is a para-
~1 andpn>1, and recalling thaf<3/2 according to Eq. metric enhancemerisee Appendix B More precisely

4 (d2(ky/a)8(k/ky)®, u<3/4

ca(ky /a)8(kiky)3(ky )73, BlA<pu<3/2,

M
K3f |2 5 = (3.32

whered, andc, are dimensionless numbers of order 1. Consequently, the energy-density contribution of the EM seeds to the
Bardeen potentials is, according to EJ.40),

4wGd,(an)?(ky/a)*(kik;)¥?, w=<3/4,

amwGe,(an)?(ky/a)*(k/ky) ¥4 (ko) 32, 3/4<pu<3/2. (3-33

67]2|fp|k3/22{

~ The contribution of the off-diagonal scalar potentigl can be similarly obtained by computing the correlation function
&(x,x"), with i #j. For purely magnetic seedf,=0, we find

f,=3f,~kf (3.39

so that the Bardeen potentials, according to 2340, are always dominated bl on super-horizon scales, aﬁfp/fw
~ (k7)?<1. Therefore

47Gd(an)?(ky/a)*(kiky) (ke ) 72, n=<3/4,

k3/2q,_(1)~ k3/2f ~
=PI e 4 rGe,(amy2ka 1) k) k)2 ™, Bla< p=312.

(3.35
whered, andc, are dimensionless numbers of order 1. By assuming that the universe becomes immediately radiation-
dominated at the physical cut-off scalé;=k;/a,, such a fluctuation spectrum can be expressed in termQ ()
=(H,/H)?(a;/a)?*, i.e. of the fraction of critical energy density in radiation at a given timpeand ofg;=H;/M,, the
transition scale in units of the Planck mads, . Denoting withw=k/a the proper frequency, and usimg=3M§H2/87T for

the critical density, we obtain

90 () (wlw) YA w1 /H)2, <34,
k3/2|‘1'_¢)|~ 2 —-1/2 2u—112 (3.36
910, (n)(w/w) " " (w /H)# 15 3l4<su<3/2.
|
C. Axionic seeds \/k_
n
_ N _ Ui m) = —= (AH5)+ BH))
As a second example of seed inhomogeneities we will vk
consider a pseudoscalar stochastic background, amplified ac- k7
cording to the perturbation equati¢d.12. = _ﬂ[(A+ B)Jso—i(A—B)Y3l,
In the initial, higher-dimensional pre-big-bang phase, i.e. \/E
for <4, the solution for the canonical variabliecan be K<k - 33
written as in Eq.(3.8), with w=|r|<3/2, as discussed pre- ear 77 Teq: (3.39

viously. In the radiation era, i.e. fay,; <7< 74, the effec-

tive potentialaa/a, is vanishing, asp=const anda~7,  HereJ,, andYa, are Bessel functions of argumeky (we
and ¢ is given by the plane-wave solutidB.9). In the final  t5)10w the conventions of30)).

matter-dominated era, i.e. foy> 7,4, we havea~ > and The matching of the solutions at;, determines the coef-
axlan=2/7%. The plane-wave solution is still valid for ficientsc.. (k) as in Eq.(3.10. The matching atyeq gives
modes withk>Kq,= n;ql, that are unaffected by the last

transitions. Modes withk<k., feel instead the effect of the

potential in the matter era, and the general solution of Eq. A+ B~c(k)(kneq)*1, A—B~c(k)(kneq)2,

(3.12, for those modes, can be written as (3.39

043511-11
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so that the contribution afy, to ¢ is always dominant with lc(k)|?
respect to the¥,, contribution, both fokk>1 andkz<1. Za(kim)=k—7—, K>Keq
In the matter-dominated era, i.e. for> 7.4, we can thus
approximate the produced stochastic axion background as =0, k<kgq, kn<1,
follows: 2 5
L
k=Y sinkn K>k at ke ear TS
o(k,7)=——=sinkn, ,
avk ° (3.43
7 k)l(k P kekeq k<1 le(k)2
=— |7 7)%, , kyp<l, c
a\/E keq o 23(k, m)= az k>keqa
ck) [ k|t
z(—&) k—) . k<keq, ky>1. (3.39 =0, k<keq, kn<1,
e [o(k)[? [ k|2
The correlation functions for the various components of T a? k_eq » k<keq, kp>1.
the stress tensor, (3.44
T'=9,00" ! 8"(d,0)? 3.4
A ula0) (349 Following the same procedure as the one used for EM seeds,

- . and collecting all contributions to the correlation function of
can be computed by exploiting the stochastic average condine axion energy density,

tions of the Gaussian variableso and gj=dj0o,

* M\ — 3 !
(o(k)o*(k'))=(2m)38°(k—k')Z1(k,7), pg=%[62+(0i0)2], (3.45
(a(k)a*(k'))y=(2m)38%(k—k")Z (K, 7),
(ai(K) ot (k")) =kikj(2m)3*(k—k")Z1(k, 7), we obtain froméd(x,x’) that the energy density spectrum is

determined by
(oj(k)o* (k)= —(a(k)o} (k"))

4

=ik;(2m)38%(k—k")S5(k, 7), M 2k® d3p
iz e (3.42 K32 = =(2a—2)2f a3 2P Za(k=p)
where, according to Eq3.39), +]p-(k=p)[*21(p)Z1(k—p)
lc(k)|? —2p-(k=p)23(p)Z3(k—p)]. (3.49

El(k,n)zw, k>keq1
In order to evaluate this integral outside the horizon, in

2 -2
- |c(k)] L (kn)* the regionkn=<1, we must distinguish two caseg,<3/4
- 2 77) ’ k<keq1 k77<11 : : H
ka® | Keq and u>3/4. In both cases, by separate integration in the
OI2 [ K| -2 ranges G<p<n !, 7 '<p<kKeq. Keq<P<k;, we find a
-~ &;'_ _) . k<keq, kp>1 (342  White noise spectrunif | ~const. In particulafsee Appen-
ka I(eq dix B),
|
— 2 (d7(ky/a)*(kiky) ¥ 1+ 87 (Keg/ky) X (ky )2+ 2], u<3/4
kK9t || =] = 3.4
Il a co(ky/a)*(k/ky) ¥ (Keq/ky)?(kqm) 212, 3/4<u<3/2, (3479

wherecg,dg,ﬁg are dimensionless numbers of order 1. The same power spectrum is also obtained for the scalar velocity
potentialf, , associated to the axion seeds. An explicit computation gives irkfgetk»f,, so that the contribution df, and
f, to the Bardeen potential are both of the same order: namely,

4G (an)2(ky/a)*(Kky) A 1+ 85 (Kaglky) 2Ky )24 2], p=3/4

3.4
47Gc)(an)?(ky/a)*(k/ky) ¥ (Keq/ky) (k)2 12, 3/4< pu<3/2. (348

a
67]2| fp| k3/2~ 67725|fv| k3/2=
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We will now consider the anisotropic stress potential defined according to Eq2.23 by

y V2=5ij¢9iﬁj . (349)

1 2
O'iO'j_§ 5”‘((91(0')

4 3
\% fﬂ—:Waiaj
Summing all contributions in the two point correlation function, we find

9 ek d®p
<V4fw(X)V4fw(X')>_(<V4fw>)2:Wf 2—)39'k'AXk4J (2—W)3p2|k—p|221(p)21(k—p)

(2

1

1
coS9 cogy— =cos ¥ COSy CoOSa+ = COSa |, (3.50

X
3 9

whered, a andy are, respectively, the angles betwgeandk, p andk—p andk andk—p. The integral ovep is of the same
type as the integral for the energy density spectfaee Eq(3.46], and gives fok?f . the same white noise spectru47)
as forf, (modulo numbers of order) lsince

k\2 M2
k3’2|fw(k)l(5) M2~k3’2|fp(k)|(;) : (3.5)

On super-horizon scales the contributionf gfto the Bardeen potentials is always dominant with respect té tigentribution
since, from the above equation,

7t~ (kn)?f . (3.52

In the whole rangé <1 we can thus estimate the scalar perturbation spectrum, induced by massless axion seeds, through the
f , contribution to the Bardeen potentials. We find

4mGd(an)(ky/a)*(kiky) ~ (ke n) “2[1+ 87 (Keq/ke)2(kym) 212, u=<3l4,
k3/2|\If—cI)|~ek3’2|f7T|= o 2 4 —1/2 2 2u—312 (3.53
4mGcel(an)“(ky/a)*(kiky) ™ keg/Ky) “(Kym)#75, 3l4< pu<3/2,
950 () (0l 01) YA w1 IH) [ 1+ 87 (weql 01) (w1 /H)? 712, <34, 354
920, () (0l w1) YA weql w1)* (w1 /H)?# 372, 3/4< u=<3/2, '
T
wherec; ,d7,8; are dimensionless numbers of order 1. As ma>aHg,>K. (3.56

we will see in Sec. IV, the dominant contribution to the SW
effect now comes, for each mode, from the time of reentryln this case we may neglect the effects of an additional axion
n~1Kk. production in the matter-dominated era, sim‘en®>4/a at
Let us finally discuss the case of massive axions, with 7= 7eq- The axion fluctuations are amplified by the
inflation—radiation transition, but are to be evaluated in the
non-relativistic regime > 7.4, where the mass contribu-

1 o :
v _ v v 2 2 2
T,=0,00"0— 5 6,[(d,0)°—m*c”], (3.55 tion is already important.

Kk
ke

2~ For non-relativistic, super-horizon modes, the Fourier
components of the axion field beconisee the non-trivial
and a primordial distribution again characterized by the in-calculation reported in Appendix)C

dex u, as in Eq.(3.19. The mass term directly contribute to

f, andf,, and only indirectly to the off-diagonal potentials K )= c(k) v E v m

f,.f.. We are interested in the axion perturbations that may ok, )= ayma m S

be relevant to the large-scale CMB anisotropy, namely in the

modes that are outside the horizon at the decouplingkera, 12

<aHgec. If, for these modes, the mass contribution is neg- k<km=ka |.|_1 ' (357
ligible, ma<k<<aHg., then the AX seed functions and the

corresponding Bardeen potentials are the same as in thehere the initial distributiort(k) is still given by Eq.(3.19.
massless cagasee beforge We will thus concentrate our dis- Herek,, is the limiting frequency re-entering the horizon at
cussion on the case in which the axion mass is large enougthe same time as it becomes non-relativistic, kg/an,

so that all modes outside the horizon at the equilibrium ep=H,,=m. Indeed, we are assuming that at the transition
och are already non-relativistic: scaleH, the mass term is completely negligible<H,,
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and all modes are relativistic. As the proper momentum is k3’2|\I’|~k3’2|<I>|~enzlfp|k3’2

red-shifted, the modes become non-relativistic whan 5 -

=k/a= w, and re-enter the horizon whéth= w. — 47Gey(an)2(mH,) Y2 A .
For the axion field4.14) the stochastic condition$.41) mi a7 ! al \kg

are still valid, but the squared amplitudd.42, averaged

112 2 3 3-2
over time scalesn/H>1, now become o [ M) HL fag) T e |
9imiby) 1H) V&) oy
lc(k))? [ k| [H\ Y2
e =Z0F gl m ~Q,(w). (3.63
1 We may note that?H? evolves in time likea 3, so that,

1
= m2a? 2a(pm)= m_6123(|3”7)- (358 during the matter-dominated eréwhen H2xa %), the
Bardeen potential’ remains frozen at the value reached at
For the case we are considering, the contributiofi,ofo  the time 7., of matter-radiation equilibrium. Using
the Bardeen potentials is always negligible with respect tdH1/Heg)?(a1/8eq) = (8eq/ar) = (H1/He)*? we obtain
nzfp. An explicit computation gives, in fact, for 7> 7eq,
m )1/2( ) )3—2,u (3 64)
e . (3.

7t 1f =m/H>1, (3.59
W |~k b | ~ 0}

where the last inequality is a consequence of @dl3. In @1

addition, the mass contribution to the AX energy density ) .
dominates with respect to the momentum contribution, since "€ CMB anisotropy induced by the EM and AX seeds

m>k/a. The energy density correlation function thus be-discussed here will be analyzed in the next section.
comes
IV. CMB FLUCTUATIONS FROM PRE-BIG-BANG SEEDS

&(xx)=m*(a?(x)o*(x")) = (a?(x))®)  (3.60 _ , _
For electromagnetic seeds, with the assumption that the
(as|o(k)|=mala(k)|), and gives, using Eq4.15: electric field is already dissipated away at recombination, we
find that the seeds are generically suppressed by a factor

Wi 2 M 4:m4k3f d3p S.(p)S1(k—p) (kndgc)z, anq thg anisotropic st_reésr QOminates over the
rl g (2m)3 density contributiorf , (see the discussion at the end of Sec.
Il A). By contrast, for massless axionic perturbations, there is
~ mH (k\® k\*® no (Knged? suppression fof ,, while there is one foff .
“ 87 lal |k, For large wave numbers which enter the horizon before mat-

ter and radiation equality, EM and AX seeds lead to similar
% fldyyzfzﬂfl dxB=2# (3.61) amplitudes. Consequently, if the convolution leading tds
0 —1 dominated by small scale contributiong,<3/4, the two
cases give similar geometric scalar perturbatiohs @,
wherex, y and g are defined in Sec. Il B. through Eq.(2.40.

It should be noted that the above expression for the spec- However, on large scale&».,<1, the additional axion
trum is only valid if u>3/4. Only in that case, in fact, is the production during the matter-dominated era leads to an en-
integral overy dominated by the contribution of the lower hancement by the factorn( 77eq)2- This changes the time-
boundaryp/k,—0, and is the use of E¢3.58 for the axion  dependence of the Bardeen potentials and has important con-
spectrum appropriate. In the opposite case, we have to talgequences as we will see below.
into account the different spectrum of non-relativistic sub-
horizon modes, fop>k,,, and possibly of relativistic modes
in the high-frequency limip—k;. In both cases we obtain, ) ) )
for u<3/4, a white noise spectrum and a negligible contri-  The scalar metric perturbation spectrum induced by EM
bution to the large-scale anisotropy, as we will see in thes€eds is reproduced in Eg.35 and (3.36. Comparing
next section. with our parametrization in terms ok and y [see Egs.

We will thus concentrate on the case 8/¢<3/2. For (2.59, (2.60] we find
this case the integrdB.61) is estimated in Appendix B, and

A. Electromagnetic seeds

: —4, u=<3/4
we obtain y= (4.1)
2u—11/2, 3l4<u<3/2
M 4 kl 6 6—4u
k3|fp|2(—) =c2m Hl(—) (—) , 3lA<u=<3/2,
a a kq 712, n<3/4
(3.62 | 5—2u, 3lA<p<3/2 4.2

wherec,, is a dimensionless number of order 1. The corre-
sponding Bardeen spectrum is and
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N=c ($)2<k 2 .3
bl 2 17eq .

in both casegt<3/4,u>3/4 (modulo numbers of order)1

Sincey+1<0, in both cases the seeds decay fast enoug
outside the horizon, and our analysis of Sec. Il applies. How-

ever, in both caseg+ o= — 0.5, which leads to the spectral

indexn=2, i.e. to a spectrum that grows too fast with fre-
guency to fit the results of COBE observations, see Egs.

(2.71, (2.72.

The quadrupole amplitude is given b¥Q,mns- ps
=/(5/47)C,Ty, which has been measurd®4] to be
Qrms—ps= (18t 2) uK. This leads to

C,=(1.09+0.23 x10™ 10, (4.9

From Eq.(2.70, using a+ y=—1/2, Ky 7eq= (H1/Heg) Y2
g,=H;/M,, and settind =2, we obtain:

PHYSICAL REVIEW D 59 043511

tions induced have the wrong spectrum, but their amplitude
is sufficiently low to avoid conflict with observations.

If 3/4< p=<3/2 the situation becomes radically different.
Comparing Eq(3.53 with the ansat42.59, (2.60 we ob-
fain, due to the additional factom( neq)z,

y=2u—1712, 4.9

a=—y—12=-2u+3. (4.120
In the limiting caseu=3/2 this yieldsy=—1/2 anda=0,
which corresponds to a Harrison-Zel'dovich spectrum of
CMB fluctuations, according to Eq2.73, with an ampli-
tude

N=g? (4.12)
[we have absorbed int, all dimensionless numerical coef-
ficients of order one appearing in the spectr(8®%3]. Note
thatf, leads to a Bardeen potential with the samdut with

2 6—«a 2—«
CSW Cx01 (%) y=2u—3/2. However, since agaip>— 1, the contribution
2 10(4m)*(y+1)? [Hegq to the SW effect is the same fdy, andf, (see Sec. )l
2(y+1) 2 The normalization of the axion spectrum to the COBE
% (”L“) (@ (45  amplitude(4.4), according to Eq(2.65, imposes the condi-
7o 70 tion
Compatibility with the COBE normalizationC,<10"1°, B wo| 8
thus implies C3"=N?(ky70) Zﬂzg‘i(w—l) =101, (412
<6—a)logloglssaa—2)—6+Iogm<y+1)2—Ioglofgi | which implies
4.6
_ _ 164-11
(we have usedqq/M,~10"%5, and 7gec~ 7eq~ 10" 270). 0g; 00, = 1+—2M6’U“ 4.13

This important constraint is easily satisfied by a growing
seed spectrumyg<3/2, i.e.a>2. In the limiting (and most
unfavorable caseu=3/2, a=2, y=—5/2, the above con-
dition reduces to

(again we have absorbed numerical coefficients gntoand

we have usey~ 10" Hz, w;~g}*10'" Hz, according to

[7,8]). On the other hand, the allowed range for the spectral

(4.7) index[see Eq(2.73], combined with the conditiop<3/2
(required to prevent over-critical axion productipoonser-

Even in this limiting case there are no stringent constraintyatively requiring k=n=1.4, implies

on the typical inflation scale of the “minimal” pre-big bang

l00:001=—1.4—0.5 log,C-

scenarig1,7,8], expected to approach the string mass scale 1.4<u<15. (4.149
Mg asg;=H;/M,~Mg/M,. Indeed, the limiting condition L

(4.7) is marginally compatible even with the maximal ex- 1€ combination of Eqs4.13), (4.14 leads to

pected valueH;~Myg, since[35] 3><10*3Sgl=(H1/Mp)52.6, 4.15

10 2=M¢/M, <10 1. (4.8
p

which is perfectly compatible with the identificatioH ;

To conclude, the EM fluctuations seem to lead to a scalaf” Ms [Se€ EQ(4.8)] , ,
perturbation spectrum that grows too fast with frequency to. A Stochastic background of massless axions, produced in
contribute in a significant way to the observed large-scald€ context of the pre-big-bang scenario, is thus a possible
anisotropy. The positive aspect of our result is that there ardiable candidate for a consistent explanation of the large-
no significant constraints from the COBE normalization toSC@l€ anisotropy observed by COBE. The important differ-

the production of seeds for galactic magnetic fields, whicHE"ce between AX and EM seeds is the non-conformal cou-
remains allowed as discussed[i]. pling of the axions to the metric, that leads to an additional

amplification of perturbations after the matter-radiation
equality.
Another interesting case is that of a massive axion back-
Let us first consider massless axionsuk 3/4, the situ-  ground, for which the . contribution to the Bardeen poten-
ation is like in the electromagnetic case. The CMB fluctua-ials is negligible when the super-horizon modes are already

B. Axionic seeds
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non-relativistic at the time of decouplinm>H 4... As seen
in the previous section, one then obtains constant Bardeen
potentials, withy=0, a=(n—1)/2=3—-2u and

m )1/2
- 4.1
e (416

N=g}

log 1 (H1/Mp)

[see Eq.3.64), where we have sat,=1]. A flat Harrison-

Zel'dovich spectrum is again possible in the limiting case

u=23/2. The amplitude of perturbations, however, is en-

hanced by the factornf/Hq,)"? so that the value of the log 1o (M/Hegq)

axion mass has to be bounded, to avoid conflicting with the

COBE normalization4.4). FIG. 1. The phenomenologically allowed region is to the left of
We take again the allowed range forto be given by Eq. the curveQ,=0.1, to the right of the vertical dashed lina

(4.14). In addition, the present axion energy density is con-=Heq, and lies within the full linesm=1, n=1.4, to avoid con-

strained by the critical density bounf},,()<1, imposed flicting with present COBE observations<{ 1 is excluded by over-

at the peak frequency,, of non-relativistic modeg¢see Ap- critical gxion produc_tioh _The shaded area qlefines the allowed

pendix Q. Actually, an even stronger condition is required Mass window for an inflation scald, =My, typical of string cos-

for the validity of our perturbative approach, which neglects™°09y-

the back-reaction of the axionic seeds on the expansion of . 17

the universe. Using EqC25 we thus impose the condition 10" eV=m=10 "' eV. (4.22

Ll

o[ Hi 112 2-p As illustrated in Fig. 1, the window is shifted towards higher
Qa(wm,ﬁo)’Vgl(H—) (H_) =0.1, (4.17 values of mass as the final inflation scale is lowered and as
€d ! the spectral index is increased. The seed condittai?)

which implies becomes important only at low inflation scalgd, /M,
<10 7. The stringent upper limit we obtained for the mass
(2= w)[log1o(M/Heg) — 109,09, — 55] can be traced back to the simplest model of background used
in this paper, that gives the same slope for the axion spec-

+ § l0gy0; + 53<_ 1. (419 frumat low and high_frequenc[\see Eqs(C24), (C206)]. Itis
2 2 not excluded that higher values of the mass may become

' . . .. possible in a more complicated model of background, giving
In order to find a possible AX mass window compatible steeper high frequency spectrum.

with tf}g COBE data, we now impose the normalizaton
=10 ""on the.masswe axion spectrum E8.64). From Eq. V. CONCLUSIONS
(2.65 we obtain
6—dp In this paper we have considered the possibility that, in a
)(“’0) ~10"10 string cosmology context, the large-scale temperature
’ anisotropies may arise from the contribution of seeds to the
(419  metric fluctuations, andot from the direct amplification of
the metric fluctuations themselves, as in the conventional
inflationary scenario. We have discussed, in particular, two
— _ _ cases: one in which the seeds are EM vacuum fluctuations
#=[164-l0giMHeq) ~ 4 l0g001 11116 (4.20 amplified by the growth of the dilaton field, and one in which
(we have usedw;/wy~10?°, neglecting the weak depen- the seeds are AX vacuum fluctuations amplified by the time
dence ofw, on the transition scalg;). By eliminatingu in ~ evolution of a higher-dimensional background.
terms ofm and g;, according to the above equation, the In the case of EM perturbations we have found that the
constraints(4.14 and (4.18, plus the conditionm>Hy.. induced angular power spectrum &fT/T grows too fast to
~Heq [assumed for the validity of the spectry®64], de- be compatible with COBE observations. However, the con-

termine an allowed region in the plane{H,) as follows: tribution of the seeds to the large-scale anisotropy may be
consistently imposed to be negligible, without constraining

m
CV=N2(ky7g) 2*= 9‘11( A

from which

10 (M /H)*<mIHgq=10"4Mp/H,)*,  m=Hgg, in a significant way the basic parameters of the pre-big-bang
models.
[68+10010(M/Heq) +4 1001091] Massless AX perturbations, unlike EM perturbations, are
X [logyM/Hg) — 55— lo ] also affected by the radiatieamatter transitions. This
% eq %1091 changes the time dependence of the seed contribution to the
+58(55+5 log;og;) < — 1. (4.21  Bardeen potentials and, due to the integrated Sachs-Wolfe

effect, a flat or slightly tilted blue spectrum of temperature
For a typical string cosmology scaléi;~M.~ (101  anisotropies can be induced, compatible with present COBE
— 10*2)Mp, we thus obtain the maximal allowed window: observations. Scale-invariant massless axion seeds thus ap-
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pear as possible promising candidates for structure formaNSF. M.S. acknowledges financial support from the Tomalla
tion. Determining in more details the CMB anisotropy spec-Foundation.
trum also on smaller angular scales requires however
numerical simulations, which we defer to a future research APPENDIX A: SACHS-WOLFE COEFFICIENTS
project. _ S o _ FOR POWER-LAW SPECTRA
For massive AX seeds the situation is qualitatively differ-
ent if the mass is such that all modes outside the horizon at Assume that the Bardeen potentials are given by power-
the time of decoupling are already non-relativistic. In thatlaw spectra as in E¢(2.58):
case the contribution tAAT/T is controlled by the axion

mass, and a slightly tilted blue spectrum is still compatible o [Ckox7, s x<1 COk) = Nk~ ¥2(K/ ko)
with the amplitude and the slope measured by COBE, pro- | C(k), x>1, (k)= (klk)®,
vided the axion mass is inside an appropriate window, in the (A1)

ultra-light mass region. Higher values of masses may be-
come possible in models with more complicated back-wherex=k», xq=Kk7g, Xgec=K7gec- The SW contribution

grounds. to the angular coefficient§, is given by
At smaller angular scales, an axionic origin of CMB
anisotropies should lead to acoustic peaks in the spectrum, sw._ 2 (xadk[k 2a )
with a structure different from that of the standard inflation- Cr=N ;f rar [1(k)[2, (A2)

ary scenario. This may in principle allow a test of models

with axionic seeds through the very accurate observations %here

the CMB anisotropy planned in the near futy®6]. It is

possible that, in spite of the differences mentioned in the 1

introduction, achieving enough power at scales smaller than |(k)=j,(x0—1)+f X7} (Xo—X)dX, (A3)
COBE'’s will require a very blue spectrumm$1.5), as in Xdec

the isocurvature CDM model discussed in Réf7]. A thor-

ough investigation of this possibility is postponed to a future@nd @ prime stands for the derivativejpfwith respect to its
paper. argument.

We concentrate here on the case whettel<<0. Further-
more, we are interested in the situation where the integral in
Eq. (A2) is dominated by large scalésmall values ok),

We are grateful to Massimo Giovannini for helpful dis- and thereforey.<1. In that case the integré(k) is domi-
cussions. R.D. and M.S. are partially supported by the Swiseated by its value at the lower bound:

ACKNOWLEDGMENTS

U T TP Se! I l+1 "
( )~mxdecl|(xo)—|l+y|xdec Srr 1) 1-1%0) = S hiea(Xo) |- (A4)
This leads to the following expression for tg’s:
2 ( Dgec) 27V 1 = dx, 12 21(1+1)
SW_ A2 5 ec —2a Y 2t y+l) i2 T i
Cr=N W( 7]0) 1+ 42 (k170) J;) X Xo (2|+1)2J|—1(Xo) (2|+1)2J|—1(X0)J|+1(Xo)
(I1+1)?
+(2|+—1)2]|2+1(X0)
:LZE ULec 2(7+l)(k )*Za Lﬂl)_ 21(1+1) (2) 1 (|+1)2 (3) (A5)
1+ y2 7\ 70 ol e 02t T @ 02t T en?t o)
where, setting,= v 7/xJ,_ 12, we find (Ref.[38], number 6.574 for a+ y<0,
7T o]
||(1): 2 J'o dxxz(a+Y)J|271/2(X)
T I'—2(a+y)r'l+a+
7 (=2(a+y)I( ) _ (A6)

2 27 2@ (= (a+y)+UPT(—(at )’
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7T o]
1= 2 jo A TNy (X) Iy 4 372(X)

F'—2(a+y)rd+1+a+vy)

an
2 272N (= (a+y)— 1T BR—(a+ )1 +1—(a+ty))’ (A7)
7T o]
||(3):§j A ENIE (%)
0
T r'—2(a+y)rd+2+a+vy)
S . . (A8)
2274V (= (at+y)+ 1)1 T(+2—(aty))
Finally, combining the above results, we obtain the result given in(E@0:
osw_ N? I'(—2(a+7) | 7gec| 27" . L L+1+aty)
D27 (y+1)2 T (12— a—y)? | 7o (kamo) ™ T =)
12 l—a—y 21(1+1) 124+ a+ 1+1)? 1+1+a+
a—y 2l(I+1) aty (I+1) aty (A9)

2T 2 rary @112 12—a—y  @+12 1+ 1-a—y|

It is interesting to note that, for+ y=—1/2, the mixed We distinguish different integration regions:<®@<k, k
term1{?) vanishes, which is indeed what happens in the casecp<7"*, 7~ '<p<keq, Keq<P<k;. The dominant inte-

of electromagnetic seedsee Sec. IV. gration regions depend on the value @fbut, for all u
<3/2, they always lie ap= 5~ 1>k. This is the reason why
APPENDIX B: THE SEED FUNCTIONS we always obtain a white noise spectrum. On the other hand,
the behavior iny depends on which region @f dominates.
1. Electromagnetic seeds Specifically we find:

For purely magnetic seeds, all the seed functions can be (1) For 3/4<u=<3/2 the leading contribution tb comes
approximately determined by the energy density correlatiod®m p~#%" ", and gives the single term appearing in Eq.
function §8, which leads to Eq(3.30. The contribution of

super-horizon modeskgy<1) to the spectrum can be esti- 2 For u<3/4 the leading contribution comes either from
mated in the limitz=k/k,—0. In this limit B—y, coda  P~Ki [giving the first term in the square _blrac_ke_,'ts of Eq.
—1, and the integral3.30 reduces to (3.47)], or (for u very close to 3/4) fronp~ "~ (giving the
second term in the same brackets
Kk (1,
I=— fo dyy** sinf(yky), w<8/2. (B1) 3. Massive axions

For massive actions, the energy density spectrum is deter-
The dominant region of integration is easily shown toybe mined by Egq.(3.61, with 3/4<u<3/2. This integral is
~1 for u<3/4 andyk,; n~1 for 3/4<u=<3/2. This gives dominated by the regiop~k, and its rough behavior can be
easily obtained this way. For a more precise evaluation we
(ke /a)®(k/ky)3, u=<3/4, proceed as follows: the angular integration gives

(i f (k¥ (ks ), 3= p=ar2, ) | K

a) lky

4 6 3

M mH
G2 ) = Tezr
Pl a 167°z(u—1)

modulo numerical factors of order one. This coincides with
the result reported in Eq3.32.

1
Xf dyy' " [(z=y)* 2= (z+y)* 2],
2. Massless axions 0

For massless axions, the seed spectral functions are deter- (B4)
mined by the integral$3.46), (3.50. The various terms ap- pefiningt=y/z we obtain
pearing in the integrands turn out to give comparable contri-
butions, so let us concentrate on the typical term e o[ MV? mH, ki\8 k3
3 L by T 16m3(n—1) \a) \k;
_ 302k — 2 _
I a4 f d pp |k p| E1(p)21(k p) (BB) XZ3—4M(A_ B) (BS)
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where, after some manipulati¢B8], We shall consider the background transition 7t 7,
from an initial pre-big-bang phase in which the axion is
A= fwdttl—zﬂ[(l_t)z—zﬂ_(1+t)z—2ﬂ] massless, to a final radiation-dominated phase in which the
0 dilaton freezes to its present value, and the axion acquires a

small (in string unit3 mass. Forp> 7, the solution of Eq.
(C4) depends on the kinematics of the pump fieland, after
normalization to an initial vacuum spectrum, it can be writ-
ten in terms of the second-kindHankel functid3§)] as:

()= n"H P (k7). (C5)

. In the radiation erap> 74, the “effective potential’2/z is
B:f dtt 24 (1—1)2" 24— (1+1)2"2*].  (B7) vanishing, and the perturbation equation reduces to
1/z

24,u—4
- I'(2—2u)T(2u—3/4)[cos 2r(pu—1)—1]

Var

(B6)

and

Pt (K + a®n?) =0, (Co)
By evaluating this second integral in the linzit-0, we ob-
tain where we have put
B~z**3<A, (B8) m?a?=a?n?, a= mHlaf, (C7)
so that using the time behavior of the scale factar; 7.
M| 4 mH.A K\ 6/ |\ 64 Assuming that the mass term is negligible at the transition
KIf | —| = | = _) ’ scale,m<k/a, we can match the solutioC5) to the plane-
7la 167°(u—1) \a/ \k; wave solution
3/4< u<3/2, (B9) 1 N .
: . . . e=—=[c.(k)e""7+c_(k)e"7], (CY
as reported in E¢3.62. Note that there is no singularity for “ N ’
n=1, as .
and obtain:
_T(2-2p) N
m —a—1) LeosZru=1)=1] c.==c(ke™™”, [e(k)|~(kk) * 2 (CY
p—1
2 (We are neglecting, for simplicity, numerical factors of order
_ »(—1)2=const. (B10) 1, which are not very significant in view of the many ap-
(u—1) proximations performed. Their contribution will be included
into an overall numerical coefficient in front of the final
APPENDIX C: NON-RELATIVISTIC CORRECTIONS spectrum). In the relativistic regime, the amplified axion per-
TO THE AXION SPECTRUM turbation then takes the form:
For a massive-axion perturbatien the string frame ac- c(k)
tion o(k,n)=—=sin(ky), (C10
ak
1
S=3 f d*x\—ge’[(d,0)*—m?a?], (C1)  used in Sec. Il C for the massless-axion case.

In the radiation era the proper momentum is red-shifted
fwith respect to the rest mass, and all axion modes tend to
become non-relativistic. When the mass term is no longer
negligible, the general solution of EGC6) can be written in
y=z0, z=ae?? (C2) terms of parabolic cylinder function$80]. For an approxi-
mate estimate of the axion field in the non-relativistic re-
as gime, however, it is convenient to distinguish two cases, de-
pending on whether a modiebecomes non-relativistic inside
or outside the horizon. Defining &g, the limiting comoving
frequency of a mode that becomes non-relativist, (

_ o _ =ma,,) at the time it re-enters the horizok(=Ha,), we
(the dot denotes differentiation with respect to the conformating, in the radiation era,

time 7). The Fourier modeg, satisfy the perturbation equa-
tion

in a conformally flat background, can be written in terms o
the canonical variable

(C3

Y= (a)+ §¢2—m2a2¢2

s—lfd3d

m 12

ok

We will thus consider the two cas&s-k,, andk<k,.

(C1y

nt+ =0. (C4

.
k2— S+ m?a?
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In the first case, we rewrite the perturbation equatioé)  wherey, andy, are the even and odd parts of the parabolic
as cylinder functiong[30]. Matching to Eq.(C10), in the rela-
tivistic limit x— 0, givesA=0 and

d®yc (X 112 2
2 + Z_b h=0, x=792a)’, —b=k2«, Kk \ 12
(€12 ¢k:c(k>(5) Ya(b,x). (C20
and we give the general solution in the form In the non-relativistic limitx?>|b| we use the relatiof30]
¥=AW(b,x)+BW(b,—x), (C13 1 X2
Y2~ [W(b,X)=W(b,=x)]~—=sin7-,  (C2])
where W(b,x) are the Weber parabolic cylinder functions \/;

(se€[30], Chap. 19. In order to fix the integration constants

A andB we shall match the solution€13) and(C10) in the which leads to

relativistic limit c(k) (kz) va - (m) €22
=——»|—| sin=|.
k2 k2 —4b l/jk (a/77)1 a H
= = >1. 14
m’a’ o’y X° (€14 Using Eqs(C15) and(C11) for k?/ a, we finally arrive at the

o L non-relativistic axion field presented in E@..14):
In this limit, as we are considering modes that become non-

relativistic when they are already inside the horizon, c(k) [k 1/2( Hl) 14 (m)
ok n)=——|— —1| sin—=|, k<kq.
k 2 k2 ( 77) avma kl m H m
(k—) ~—~(=b)>1, (C19 (C23
m

For later use, it is also convenient to define the spectral
energy density in critical unit€) ,(w)=d(p/p¢)/d In w, as-
sociated with the stochastic axion background in the three

we can expand thé/ functions forb large withx moderate
[30]. Matching to the plane-wave solutig€10), we obtain

A=0, and different regimes defined before.
c(k) For relativistic modes we find, from E4C10),
,}yk:WW(b,—X) (C16) , o 3-2u Hl 2 al 4
Qg(a))"‘gl on a3/ mM<w<w;.
1

In the opposite, non-relativistic limi?>|4b|, the expansion
of the Weber functions givels0]

B c(k) (m)
¢k_W25m o (C1y

(C24

For modes that becomes non-relativistic after re-entry we
find, from Eq.(C18),
H

) @ 2-2u Hl 2 a, 3
(we have used?/4=man/2~m/H). The corresponding ax- Q”(w)N91E (w_l) (W 2l @msesm
ion field is (inside the horizon (C25H
(k) m For modes that becomes non-relativistic before re-entry we
o(k,n)= sin(—), k>k,y,. (c18 find, from Eq.(C23),
ayma \H
) m 1/2 ® 3-2u H1 2 a, 3
Consider now the case of a mode that becomes non- Xo(@)~01 7] | o= allzl @<om
relativistic when it is still outside the horizok<k.,. In this (C26)

case, we cannot use the larigg expansion agh|<1, and it o _
is convenient to express the genera' solution Of(Bj_Z) as The |aSt two SpeCtra| dIStI’IbutlonS are constant du”ng the
matter-dominated era, and the last one corresponds to the

¥=Ay;(b,x)+By,(b,x), (C19  spectrum of the Bardeen potentials, as given in B3.
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